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Abstract

The study of fixed points on the maps fulfilling certain contraction requirements has several
applications and has been the focus of numerous research endeavors. On the other hand, as an
extension of the idea of the best approximation, the best proximity point (BPP) emerges. The best
approximation theorem ensures the existence of an approximate solution; the best proximity point
theorem is considered for addressing the problem in order to arrive at an optimum approximate
solution. This paper introduces a new kind of proximal contraction mapping and establishes the
best proximity point theorem for such mapping in fuzzy normed space (Fy space). In the beginning,
the concept of the best proximity point was introduced. The concept of proximal contractive
mapping in the context of fuzzy normed space is then presented. Following that, the best proximity
point theory for this kind of mapping is established. In addition, we provide an example application
of the results.
Keywords: Fuzzy normed space, - —proximal contractive mapping, Best proximity point,
Best proximity point theorems, Proximal contractive mapping .

1. Introduction and Preliminaries

According to the renowned Banach's contraction principle[1], any contraction self-mapping in
a complete metric space has a unique fixed point. This idea has been expanded and generalized in
numerous approaches. Consider A:L' — D to be a non-self mapping, L and D are subsets of a
metric space (Q, d). There may or may not be a solution to the equation Aw = w. The presence of
an approximate solution that is optimum is examined via the best proximity point (BPP) theorems.
An optimum approximation solution w is one for which the error d(w; Aw) is small, and this is the
goal of BPP theorem. These optimal approximation solutions are referred to as the best proximity
points (BPP) of A.
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On the other hand, Katsaras [2] was a pioneer in establishing fuzzy norms in linear spaces.
Numerous articles on fuzzy normed spaces have been published; see [3-9].

In this paper, the notion of @-1) — proximal contractive mapping (briefly, @-1 — PC mapping)
in a fuzzy normed space is presented, as well as the proof of the best proximity point theorem for
this mapping. An illustration, in the form of examples, is offered to demonstrate how significant
the results are.

For completeness, we provide some fundamental notions.

Definition 1.1[10]: Let Q be a vector space over a field R. A fuzzy normed space (briefly,
F, space) refers to the triplet (Q, Fy ,®) where ® represents a t-norm, £y, is a fuzzy seton Q x R
fulfilling the requirements below for each w, p € Q.

(Fy 1)FN (w,0) =0,

(Fy ,)Fy (0,7) =1,vT>0ifand onlyif w =0,

(Fy )Fy yw,7) = Fy (0,7/ly]),v0#y ER, 720

(Fy,) Fy(0,7) ®Fy(w,5) <Fy(+p,7+5),V5,520

(Fy o) Fy (w,.) is left continuous for each w € Q, and Fy (w,7) =1.

Definition 1.2[11]: Let (Q, Fy ,®) be a F, space. A sequence {w,} is called convergent if 3w €
Q, such that Fy (w, — w,7) =1 for each > 0 . And {w,} is called Cauchy sequence if
Fy(wpyj— wp,7) = 1foreacht>0andj =1.2, ..

Definition1.3[11]: If (Q, Fy ,®) is a Fy space. Then, if each Cauchy sequence in Q is convergent
in Q, the Fy space (Q, Fy ,®) is termed to be complete.

In a fuzzy metric space (Q, Fy;,®), C. Vetro and P. Salimi [12] presented the notion of fuzzy
distance. Consider L and D be nonempty subsets of (Q, Fy,,®) and L +(t) , D -(z) denoted by
the sets:

Lo(t) ={we€ L : Fy(w,p,t) = Fy(L,D,r)forsomep €D}
Do(t) ={p€ D : Fy(w,p,7) = Fy(L,D,7) forsomew € L}
Where, FM(f,ﬁ,T)=sup{FM(w,p,T):wE L,p € D},

The aforementioned notion is proposed in this paper in a £ space as follows:
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Suppose that L and D are nonempty subsets of (Q, Fy,®) and L +() , D -(r) are denoted by the
following sets:

Lo(r) ={weLl: Fy(w—p1)= Ng(L,D,7)forsomep € D};

D-x) ={pe D: Fy(w—p,v)= Ny(L,D,7), forsomew € L'}
Where, Ny(L,D,7) =sup{Fy(w— p,7): w€L, pe D}
2. Main Results

In this section, a new class of proximal contraction mapping, known as @- — PC mapping
is presented, followed by the proof of the BPP theorem for such a mapping in fuzzy normed space.

Definition 2.1: Let (Q, Fy ,®) be a fuzzy Banach space and L and D be nonempty closed subsets
of (Q, Fy,®). An element w* € L is termed as BPP of a mapping A:L — D if it meets the
criteria Fy (w* — Aw*,t) = Ny(L,D, 1) for each t > 0.

Let @ represent the set of all functions : [0, %) — [0, 1] for which v is a lower semicontinuous
function and ¢¥(8) = 1 ifand only if § = 1.

Let @ represent the set of all functions @: [0,00) — [0,1] where @ is continuous and non-
decreasing and ¢(8) = 1 ifandonly if 6 = 1.

Definition 2.2: Let (Q, Fy, ®) be a fuzzy normed space with two nonempty subsets L and D .
Then D is said to be approximatively compact with respect to L if each sequence {p,} in D,
meeting the condition Fy(w —p,,7) = Ne(w,D,7) where No(w,D,7) =2 {Fy(w—
b,7)} forall T > 0 and some w in L , has a convergent subsequence.

Definition 2.3: Let L' and D be nonempty subsets of a fuzzy normed space (Q, Fy ,@) and let
A:L — D be agiven mapping. A mapping A is called @-1) — PC mapping if

Fy(u—4w,7) =Ng(L,D,7) Fy(w—Ap, 1) =Ng(L,D,7)} = ¢ (ﬁN (u— v,‘r)) >

7 (Fu = p.0)+9(Fy (0= 1) (1)
holds for each w,p,u,v € L,7>0,p € Pandp € 7.

Below, we provide and illustrate our study results.

Theorem 2.4: Let L'and D be nonempty subsets of a fuzzy Banach space (Q,Fy,®), L. is
nonempty and D is approximatively compact with respect to L. Let A:L — D be ¢- —
PC mapping such that A(L -(7)) € D -(t) for all > 0.Then A possesses a unique BPP, that is,
aunique w* € L exists such that Fy (w* — Aw*,7) = Ny(L,D,1).

Proof: Since L. is not empty, we choose w. in L.. Taking Aw- € A(L (7)) € D (1) into
account, we can find w, in L - such that Fy (w; — Aw.,7) = N4(L,D,1). Further, since Aw; €
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A(L -(t)) € D (1), consequently, an element w, exists in L. such that Fy (w, — Aw;,T) =
Ny(L, D, ). By repeating the process, we get a sequence {w,} inL. fulfills

Fy (wpy1 — Awy, ) = Ny(L,D,t); foreachn € N U {0}. (2)

Now employing (2) and using (1) withu=p = w,, Vv = wyy; and w = w,_; Yields the
following result:

(Z) (F'N (wn - wn+1rr)) = (ﬁ (FN (wn—l - Wy, T)) + l/; ( FN (wn—l - Wy, T)) (3)

which implies  Fy (w, — Wpy1,7) = Fy (Wy_qy — w,,t)  for some n € N and hence
{Fy (w, — wny1,7T)} is an increasing sequence. Hence, I(7) € (0,1] exists such that
Fy (wy, — wn4+1,T) = (1) for every T > 0. We will verify that [(7) = 1 for every 7 > 0. Assume
that 0 <[ (1. ) < 1 where = > 0; then limiting as n — oo in (3) yields,

P(l(z)) = @ (I(z=)) + P(I(z))
and as a result, l/)~(l(‘[o )) < 0, which is contradictory. This means that for every 7 >0, [ (1) = 1.
Hence, Fy (wy, — w1, 7) =1 (4)

Next, we demonstrate that {w,} is a Cauchy sequence. Contrarily, consider {w,} is not Cauchy
sequence. Then z € (0,1) and 7o > 0 exists such that, for each k > 1, m(k),n(x) € N exists
with m(k) > n(k) = kand

<1-z

Consider m(k) is the least integer surpassing n(k) meeting the preceding inequality, which
means that > 1 — z

So, for every k,
1—2z > F‘N (a)m(K) - a)n(K),To)
= FN (wm(ic) - wm(K)—l:T") @ FN ((‘)m(k)—l - wn(k)'T")

> FN (wm(K) - wm(,c)_l,ro) ®1-—z

In the preceding inequality, if we take the limit to be k — oo and use (4), we acquire the following:

F'N (wm(ic) — Wn(i) T°) =1-z ®)
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Now from
F'N (wm(K)+1 - wn(}c)+1'T°)
2 Fy (Wmgo+1 = Omgoy T2) @ Fy (@moe = @nge, )
@ FN (wn(ic) — Wn)+1 T°)
And,

F'N (wm(;c) - wn(K)’T") = FN (wm(lc) - wm(}c)+1'T°) @ FN (wm(ic)+1 - wn(K)+1:T°)

® Fy (wn(;c)+1 — Wn(x) T°)

it follows that

F'N (wm(lc)+1 - wn(K)+1:T°) =1-1z (6)

From (2), we know that

{FN (wm(x)+1 - Awm(lc)'Tc’) = Nd(fiﬁ'T°) ﬁN (wn(lc)+1 - Awn(lc)'T°) = Nd(E'ﬁ'T°)
(")

Therfore , by (1) and (7), we have
@ (FN (Wm@o+1 = ‘Un(x)+1:T°)) =@ (FN (@mgo — wn(K)'T°)) + ( Fy (0mo = wn(ic)’“))
Using k — oo as the limit in the previous inequality, we acquire:

¢(1-2)2¢(1—2) +P(1-2)

which is a contradiction. Now, if (1 —z) = 1, ¥'s property implies that z =0, which is a
contradiction. Hence, {w,, } is a Cauchy sequence. The sequence {w,} converges to some w* € Q
because of the completeness of (Q, Fy ,®), which is,

Fy (w,, — w*,7) =1foreacht>0.

On the other hand, we can write:

Na(L,D,7) = Fy (Wn41 — Awy, 1)
= FN (Wpy1 — W T) ® FN (0" = Awy, 1)
> Fy (W41 — @5 T) @ Fy (w* - Wny1, T) ® Fy (Wny1 — Awy, T)
= FN (Wp41 — 051) ® FN (W = Wny1,T) ® Nd(f’ﬁ'T)

which indicates
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Ny(L,D,7) = Fy (wp4q1 — @5 7) ® Fy (0* — Aw,, T)

> Fy (Wp41 — @5, 7) ® Fy (0" = wn41,7) ® Ng(L,D,7)
Using n — oo as the limit in the previous inequality, we acquire:
Ny(L,D,7) =2 1® Fy (0* — Aw,, 7)
>1®1®Ny(L,D,7)
meaning,
Fy (0* = Axp,7) = Ny(L,D,7)

Since D is approximatively compact with respect to L, the sequence {Aw,} has a subsequence
{Aw,, } that converges to some b € D . Therefore,

Fy (w* = b,7) =Fy (wnp41 — Awy,, T) = Ng(L,D,7)

And, so w* € L.(1). Since Aw* € A(L (1)) € D (1), there exists z € L.(tr) such that
Fy(z— Aw*,t)= Ny(L,D,t). Accordingly, inequality (1) with u = w4y, v = 2, @ =
wy, and p = w* demonstrates that

P(Fy (Wne1 —21) = § (FN (wp — w7, T)) + P (Fy (w, — 0", 1)).
Letting n — oo then we get

F(Fy (0" —21) = ¢(1) +P(1) > 1.

This implies Fy (w* —z1) =1 for each T > 0, that is, w* =z and Fy (0* — Aw*,T) =
Ny(L,D,t). Now to prove uniqueness, suppose that {* # w*, such that Fy (w* — Aw*,T) =
Ny(L,D,7)and Fy ({* — A{*,7) = Ng(L,D, 7). Now, using (1) with u = w = w*and v =
p = {* we acquire,

FCFy (@ =) 2 ¢ (Fy (0" = 77,0)) + B(Fy (0" = D).

and so Y ( Fy (w* — (*,r)) < 0 which is a contradiction. Thus Fy (w* — {*,7) = 1forall t >

0 and so w* = {*.

Example2.5: Consider Q = Rand Fy:Q xR —[0,1] be a fuzzy norm specified
(- Ll

by: Fy (w,7) =e' = ) ‘where w € Q and > 0, and ||w]: R = [0,00) such that ||w|| = |w].

LetL ={5,6,7}and D = {2,3,4}. So that,

-~ - ~ ~ _1 ~ ~
NyL,D,7) = sup{Fy(w—p,0):w € L,p e D} =2 .Then L+(r) =5and D -(z) =
4.
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Also, define A:L — D by

A(w) = {4, if w=5w—2, otherwise

Observe that A(L -(t)) € D (7).

Also, assume that

{ Fy(u—Aw,7) = Ny(L,D,7) Fy (v = Ap,T) = Ny(L,D , 1)
then we have

u=v=3.

Now, we define @,y : [0,00) — [0,1] by #(6) =1 -6 and (8) = 62 for each & € [0,1]
then we have

Fy(u—-v1) = e(_@)

= e(_@) =1> @(FN (w —p,T)) +P(Fy (w—p, 1))
forall T > 0.

As a result, all of the requirements of Theorem 2.4 are met and the mapping A possesses a unique
‘BPP. The unique BPP of A in this example is w™* = 3.

Example2.6: Consider Q = Rand Fy:Q xR —[0,1] be a fuzzy norm specified

by: N(w,7) = Hﬁw” ,w € Q and T > 0, where ||w]||: R = [0,%) and ||w|| = |w].

Letl =1{23,4} and D ={6,7,8,9,10},

T
T+ 2

Ny(L,D,7) = sup{N(w—p,7):w € L,p € D} =

Also, define A:L' — D by
Aw) ={6, ifw=4w+4, otherwise
Observe that L -(t) = {4} and D () = {6},
AL (1)) €D (7).
Assume that
{ N(u—Aw,7) = Ny(L,D,©) N(v — Ap,7) = Ny(L,D , 1)
Thenu =v = 4.
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Now, we define @, : [0,00) = [0,1] by #(6) =& and P(8) = 52 forall 5 € [0,1] then we
have

T
T+|4—4]|

Nu-wv,1) = =1 =>¢ (N(w - p,T)) +Y(N(w —p,7)) forall > 0.
As a result, all of the requirements of Theorem 2.4 are fulfilled and the mapping A possesses
unique BPP. The unique BPP of A in this example is w* = 4.

3. Conclusions

This paper introduces the notion of @-1 — PC mapping in a fuzzy normed space and proves the
‘BPP theorem for this mapping. To demonstrate the significance of the results, an example is
provided. This work may be seen as the basis for future research that studies the applications of
this kind of mapping within the framework of the notion of a fuzzy normed space.
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