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Abstract

In this paper, we introduce a new one-step iteration process in Banach space and prove the
existence of a common random fixed point of three non-expansive multivalued random operators
through strong and weak convergences of an iterative process. The necessary and sufficient
condition for the convergence of a sequence of measurable functions to a random fixed point of
non-expansive multivalued random operators in uniformly convex Banach spaces is also
established. Our random iteration scheme includes new random multivalued iterations as special
cases. The results obtained in this paper are an extension and refinement of previously known
results. A new random iterative scheme for approximating random common fixed points of three
random non-expansive multivalued random operators is defined and we have proved weak and
strong convergence theorems in a uniformly convex Banach space.

Keywords: common fixed points, random operators, one-step iteration, Banach spaces.

1. Introduction

The random fixed point theories are a generalizations of the classical fixed point theories. In the
1950s the Probability School in Prague presented a study on random fixed point theory [1].0On
other hand,[2] obtain common random fixed point of two multivalued random operator .Recently,
S. H. Khan et al.[3]introduce a new one-step iterative process to find the common random fixed
point of two multivalued Non-expansive random operator. ,the nonlinear random systems have
appeared in the literature (see [4-17]) . Let @ be a separable banach space . LetY is subset of ®is
called proximinal if vu € ®,3k €Y 3d(u, k) =inf{jlu —v|| : v €Y } = d(u,Y). We denote
the set of all subsets bounded proximinal ofY by I1(Y’) [18] .

let CB(Y") be be all closed boundedsubsets of Y. And let His Hausdorff induced by the metric
space d of @, implies H(@ ,B) = max{sup d(u,B)yew ,sup d(v,@ ),ep}foreveryw ,p€
CB(Y).

A multivalued random operator B: ¥ X Y — I1(Y)is called contraction if there isk (o) € [0,1) and
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foreachpe ¥ >3

H(B(o,u),B(o,v)) < k(o)|lu —v|[forall u,v €Y

and B is said to be nonexpansive random operator if

foreach p e ¥

H( B(o,w), B(e,v)) < |lu — vl|, apoint 9(g) is called random fixed point of B if 9(g) € B(9(0)).
Study the fixed point of results paper [22-30] under multivalued non-expansive random operator.
We will give some definition ...

Definition 1.1.[19] : A separable Banach space @ is said to satisfy opials condition if the sequence
{S,}in @,S, - u implies that Al_r)glo supl|S, —ull < 111_{{)10 sup||lS, —vl|| forallve &,v +u.
Definition 1.2. Let Y subset of @, and R,Z,B : ¥ X Y — I1(Y)Three multivalued nonexpansive
random operator are satisfy the condition (A") if 3a non-decreasing function y: [0, ) — [0, )
with x(0)=0,x(r)>0,vr e (0,00) 3 either d(u(g),B u(g)) > )((d(u(g),F))or
d(u(), Zu(e)) = x(d(u(e), F))or d(u(e), Ru(e)) = x(d(u(e), F))

Forallu(p) €Y

Definition 1.3 let Y be a non empty subset of a separable banach space @satisfying opials condition
and B:¥ xY = II(Y) beamultivalued random operator is said to be demiclosed at {(p)) if

{S,(0)} and { C,,(0)} are two sequences 3 {S, (o)} converges weak to S(p)also {B((),S,(0)}
converges to {(o) imply that S(¢) €Y and {(o) € B(S(0)) for each o €W, then I — B is
dimiclosed with respectto O .

Lemma 1.4[20] Let {S,.}, {n)}, {pn} be a sequence in uniformly convex banach space . Let
{a,} {K,},{0,} are sequence in [0,1] with a,+k,+ o,=1,lim sup|S,| =

n—-oo
q 'iir?o supllm|l = q ',llin& sup|lp,|l = q and rllinolo”ansn + Knlln + npnll = q If%ll’g} infar, >
0, lim infx, > 0, lim infg, > 0,
n—->0o n—-oo

Then 711_)1’{)10”511 - r]n” =711_1)1010”5n - pn” =7£1_I)I(}o”pn - 7711” = 0.

2. Main Results
IDefinition2.1 Let @ be a separable Banach space and Y # @ closed subset and convex .we
can be written
F =F (B) N F(R) N F(Z) the set of all common random fixed point of the R,Z,B: ¥ XY —
I1(Y) be three multivalued non-expansive random operator
with common random fixed point 9(p) . The iterations are as follows :-
So(0)eY
Sn+1(@) = annn(Q) + Knpn(Q) + O-nfn(Q) ,MNEN (2-1)
where 7, (0) € B(S,(e)) and p, (o) € Z(S,(a)) such that [[7,(0) — Np41 (@Il <

H (B(Sn(@)), B(S1+1(2)) ) + tnand [1pn (@) = prs1 (@Il < H(Z(S1(2)), Z(Sns1(@)) ) + iy and
£4(0) € R(Sn(@)11€n(0) = &ne1 (@Il < H(R(Sn(@)), R(Sns1(0)) ) + i

and {a,}, {x,}, { o} are sequence in (0,1) satisfying a,, + k, + 0, = 1.

Lemma22Llet®Y #@,andR,Z,B : ¥ xY — I1(Y), Let {S,,(0)}issequence defined in 2.1. If
F(B) # @ and By = Ry = Zo = {9(@)} forany (o) € F

then m”xn —9(0)|l exists V9(p) € F.
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Proof. letF # @.Let9(p) € F . Then
1Sn+1(0) =9Il = llannn (@) + Knpn(0) + 0én(@) — S
= iian(nn(g) - 19(@)) + Kn(pn(Q) - ‘9(@)) + O-n(fn(g) - B(Q))ii
< anlina(e) — 9@l + Knllpn (@) — 9(I + 0,l1§0 (@) — S

< and (1n(0), B(3(0))) + #end (pn (@), Z(9(@) ) + 0 (£(0), R(9(®))
< anH(BSn(0), BY(Q) + 1cnH (Z (5(0)), Z(8(2)))

+a,H (R(Sx(2)), R(9(@) )

< an”Sn(Q) - 8(@)” + Kn”Sn(Q) - ‘9(9)" + O-n"Sn(Q) - B(Q)”
= 1S, (e) = 9(II. (2.2)
Thus 1{2723”5"(@) —9(p)|l exists for all 9(p) € F .

Definition 2.3 LetR,Z,B : ¥ x Y — I1(Y) are said to satisfy condition ( C") if d ((o,w),v()) <
d(w(e),v(0)) for v(e) € Z(g,u), w(o) € R(g,u).
Lemma2.4.Let @and YandLet R,Z,B : ¥ x Y — [1(Y)satisfying conditionn(C’ )and {S, (0)} be
sequence defined in (2.1).
If F # @and By = Ry = Zy = {9(@)}forany 9(e) € F then
limd (S,(0), B(52(0))) = lim d (5,(), Z(Sn(2))) = 0 = lim d (S,(e), R(Sa()))
Proof. By Lemma (2.2), lim [|S,,(¢) — 9(o)llexists. We suppose that lim [|S,(¢) — 9(0)Il =
n—-oo n—-oo
c for c = 0. Also haveB, S, R arenonexpansive random operator and F # @, we

havelln, () = 8(o)ll = d (14(2), Z(8(@))) < H (B(S4()), B(9())) < lISn(e) — 9(e)|I. Take
limsup
for both side, get

limsuplin,(e) =9Il < c

n-oo

Similarly,
limsuplipn,(@) =9Il < ¢
n—00
and ,
limsupll§, (@) — (@Il < c
n—0o
as,
Lim 11Sn41(e) = 9(Q = ¢
That mean

Lim [lan(1(@) = 9(@)) + Kn(pn(@) = 9(@)) + 0 (én(@) — (@)l = ¢
Applying lemma (1.4), we get
lim [In,(@) — pa ()l = 0.
But from the condition (C") we obtain that d(S,, (), 7,(0)) < d(pn(0), 1 (0)),
lim sup d(Sp(e),mm(e)) < 0.

n—-oo

That is,
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lim [IS;,(0) = 7n(e)I = 0. (2.3)
Also from lemma (1.4) and (2.2) we obtain

1Sn (@) — pr(@)Il = 11S,(@) — 1 ()l + [[17.(2) — pr(O)l
implies that

lim [1,(0) = pa(e)ll = 0. 2.4
Also from lemma (1.4) and (2.3) we have

1Sn(@) = En (@l < 1ISn(e) = pr(@)I + llpn(e) = $n (O]

implies that
lim [1S,(0) = &n (@Il = 0. (2:5)
Now, we get
A ($2(0). B(Sn(@))) < d(Sa(@)mn(e)),
also,
4 ($2(0).2(52(@))) < d(Sn(e), pa(e))
and

d ($2() R(Sn(0))) < d(Sa(@),En(0)),
)

we gives d (S,(e), B(Sx(2))) = 0,d (Sx(e).Z(Sn(@))) = 0 and d (Sn(e), R(S(0))) ~
0asn— oo.

Theorem 2.5. Let Y and let® satisfying the Opial scondition. and R,Z,B : ¥ XY - [1(Y).If

F # @and By = Ry = Lo = {9(e)}foranyd(e) € F,I —B,I — Zand I — Rare
demi-closed to 0, then {S,,(¢)} converges to a commonrandom fixed point of B, S, R and weakly.
Proof:- Let 9(p) € F.bylemma (2.2), we have

lim ||S,,(e) — 9(o)||exists.
n—-oo

we prove that {S, (¢)}subsequentialhave a weak unique limit in F . now, let
w1(0), w,(0)and w5 (o) be weak limits of the subsequences

{Sni(0)}, {Snj(@)} and {Si (@)} of {Sn(0)},
respect. By uselemma (2.4), there isn, (o) € B(S,(e))such that lim [15,,(0) = 9()Il =0

and I — Bis demi-closedto 0, therefore we getw;(0) € Bw4(0). Similarly,
w1(0) € Zw4(0) and w1(0) € Rw,(0)-Again in a same way, we can prove that

w1(0), w2(0), ws(Q) € F.
now, we need to prove unique. For this letw; (¢) # w,(0) # w3(e). Then by the Opial’s

condition,
T{ggoIISn(Q) — w1 ()l = T}iggOIISm(Q) —w1(Q)l

< lim [1S:() ~ w2 (@)
= lim [1S,() ~ w2 (@)l
= Jim [[5:;(0) = @2 (@]
< Jim [15:;(0) = @3 @
= lim[IS,(0) — w3 (@
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= nlliggollsnz(Q) — w3 ()l
< nllif)%o“SnZ(Q) — w1 (Q)l
= lim [|S,(e) — w1 ()l

Hence , its a contradiction. Hence {S,,(¢)}converges and weakly in F.
Remark 2.6Let Y and let® satisfying the Opial’scondition and \R,Z,B : ¥ XY — II(Y) and
{S(0)}be the sequence in (2.1),. If F # @ and By,) = Ry = Zo) = {9(e)}then
{S,.(0)}converges to a common-random fixed point of B, Z,R and weakly.
Theorem 2.7. Let @,Y, and {S,,(¢)} andB, Z,,R defined in the Lema(2.4). and F # @andBy,) =
Ro) = Zop = {9(e)}forany 9(e) € F,then
{S,.(0)} converges to a commonrandom fixed point of B, R, Zandstronglyiff
liminf d(S,(e),F) =0
n—-oo
Proof. The first direction of the proof is clear. Conversely, let
liminf d(S,(e),F) = 0. by lemma(2.2),
n—-oo
1S7+1 (@) — 9(l = [ISn(e) — Sl
This gives
d(Sp+1(0), F) < d(Sp(0),F),
so that lim inf d (S, (o), F)exists. But, by use hypothesis,
n—-oo
liminf d(S,(e),F) = 0. Therefore we must have
n—-oo
liminf d(S,(e),F) = 0. we need toprove that {S, (¢)}is a Cauchy sequence in Y.
n—oo

suppose ¢ >0 . we have lim d(S,,(0),F) = 0, thereis a constant n, such that vn > n,, we have
n—-oo

€
liminf d(S,(e),F) < I
n—-oo
In particular, inf{]|S,,,(¢) —9()| : 9(p) € F} < E There must exist a 9(p)* € Fsuch that

€
150 (0) = 9e)*ll < 5
Now for m,n > n,, we have

ISn+m (@) = Sn(@l < [ISp1m(@) = (@Il + 1S, () — 9()"lI
< 2|ISno (@) = 9()"l
€
<2 (E) =€
Hence {S,,(0)}is a Cauchy sequence inYof ¢, and
therefore it must converge in Y. Let lim S,,(0) = q(0) Now
n—oo

d(q(0), Bg) < d(q(),5.(0)) + d(S,(0), Bs,(e)) + H(Bs,(0)»Ba(w)

< d(q(@),5:() + d(Sn(@), 1 (@) + d(S.(0),q()
- 0asn — oo,

gives that d(q (o), By¢p) = 0 which implies that (o) € By(,). Similarly,

d(q(),Sq0) < d(q(),5:(0)) + d(Sn(0), Zs,()) + H(Zs,(0) Zato))

< d(q(@),5:() + d(Sn(0),pn(@)) + d(S,(0),q(0)
- 0asn — oo,
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gives that d(q(0), Zq(y) = 0 which implies that (@) € Zy(,)-Similarly,

d(2(0), Rew) < d(a(2),Sn(@)) + d(Sn(@). Rs,r ) + H(Rs, 00 Raw)

< d(q(0),S.(0)) + d(Sn(e).pn(@)) + d(S.(e),q()
- 0asn — oo,

implies thatq(@) € Rg(y. Consequently, g(e) € F.
Nowwe can use the conditional (A4") to find the strong converge of {S,, (o) }define
in(2.1)., we assume that R,Z, B : ¥ x Y — I1(Y)satisfycondition (A4").
Theorem 2.8. Let Y, @ and,the sequence{S, (¢)} beas in Lemma (2.4). Let R,Z,B : ¥ XY —
I1(Y)satisfying condition (A°). If F # @ and Byp) = Rgp) = Zse = {9(@)} forany 9(e) €
F then {S,,(0)} converges to a common- fixed point of B, Z,R and strongly.
Proof :since By used lemma(2.4), have lim ||S,,(¢) — F||exists V9(p) € F.letc > 0.Ifc = 0,
n—->oo
clear that. letc > 0. Now [|S4+1(0) — 9(0)|l < [ISr () — 9(e)llgives ﬂg££F||Sn+1(Q) -
9l = inf 11Sx(e) — 9(e)llwhich implies that d(Sy.1(0), F ) = d(Sn(e), F ) and
Q
so lim d(S, (o), F) exists. By condition (A4")either
n—-oo

lim x(d(Sx(e), F)) < lim d(Sn(e), Bs,(p)) = 0
or

lim x(d(Sx(e), F)) < lim d(Sn(0)  Zs,()) = O
or

lim x(d(Sx(), F)) < lim d(Sx(e) , Rs,(p)) =0
In both the cases,

lim x(d(Sx(e),F)) =0

Since y is a non-decreasing function wherey(0) = 0, gl_r)r(}o d(S,(e),F)=0.

5. Conclusion

The main idea of the this paper is that we have to found a new iterations by one step to
approximation for common random fixed point from three multi-valued non-expansive random
operator and obtain, as well as the theories of strong and weak convergence .
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