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Abstract 

This study investigates radiative proton capture reactions in light 

nuclei such as [
9
B- 

7
Li, - 

7
Be], which are crucial in stellar 

nucleosynthesis and energy production. The Woods-Saxon potential 

model was employed to describe nuclear interactions, and the 

Schrödinger equation was solved to determine bound and continuum 

state wave functions accurately. Astrophysical S-factors and reaction 

cross-sections were calculated at low energies characteristic of stellar 

environments, accounting for nuclear resonance effects that significantly 

enhance reaction probabilities. Radiative proton capture reactions, of the 

form A(p,γ)B, are fundamental processes in nuclear astrophysics. They 

are the primary mechanism for synthesizing elements in both 

hydrostatic and explosive stellar environments. he formation of ⁷Li and 

⁷Be is a key outcome of the Big Bang. The reaction ³He(α,γ)⁷Be is the 

primary source of ⁷Be, which later decays to ⁷Li. Understanding the ⁷Be 

system is thus crucial for predicting the primordial lithium abundance. 

The theoretical results show strong agreement with experimental data, 

validating the model's reliability. These findings provide precise inputs 

for refining nuclear reaction rates in stellar evolution models, thereby 

improving predictions of elemental synthesis and energy generation in 

stars. 

Keywords: Radiative capture, Woods-Saxon Potential, Astrophysical 

S-Factor, Direct Reaction, Phase Shift.  

  

1. Introduction  

Nuclear astrophysics investigates some of the most intriguing inquiries in the natural world 

what are the sources of the elements that are indispensable for life. What is the estimated age of 

the universe, what is the process by which the Sun, its companion, the stars, along our Galaxy, 

was formed and developed we have acquired a fundamental, albeit incomplete, comprehension 

of the processes that regulate the development of stars and contribute to the synthesis of elements 
1
. Radiative capture reactions are a fundamental process in astrophysics, where a proton or 

neutron interacts with a nucleus to form a new nucleus, accompanied by the emission of 

electromagnetic radiation. These processes play a crucial role in element formation within stars 

and other astrophysical phenomena 
2
. Radiative capture reactions are broadly classified into 

neutron capture and proton capture. Neutron capture dominates the slow (s-) and rapid (r-) 

synthesis of heavier elements 
3
. Proton capture reactions are central to hydrogen-burning cycles, 

particularly the carbon-nitrogen-oxygen (CNO) chain, which governs energy generation in stars 

more massive than the Sun 
4,5

.The p-p process (proton capture) creates uncommon, proton-rich 

isotopes. Supernovae's high-temperature conditions entail adding protons to nuclei to overcome 

electrostatic repulsion to produce isotopes of elements like molybdenum and ruthenium, which 

conventional nucleosynthesis routes cannot make 
6,7

. Stars' energy-generating processes—p-p 

cycle, CNO cycle, HCNO cycle, rp-process 
8
 etc.—require continual Addition of protons in 

opposition to the Coulomb barrier. In astrophysical environments such as X-ray bursters. Intense 
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proton flux at ∼several GK and matter density ∼of 10
6
 g/cm³ causes a fast proton capture 

process, resulting in a brief thermal burst that peaks in the X-ray 
9
. By examining these reactions, 

we aim to improve the accuracy of reaction rates and astrophysical S-factors (S-F) used in stellar 

models, while also gaining deeper insight into nuclear structure phenomena such as resonance 

behavior and level densities near the proton threshold. Moreover, these studies serve as 

important benchmarks for validating nuclear reaction theories and help provide tighter 

constraints for astrophysical network calculations. Our ultimate goal is to support a more precise 

determination of S-F and reaction rates at stellar energies. Insights gained from this work are 

expected to improve the predictive accuracy of nuclear reaction networks in stellar evolution 

models and shed further light on the role these reactions play in energy generation and the 

synthesis of elements within stars 
10,11

. 

 

2. Materials and Methods  

     Radiative capture reactions, represented by the formula a+b→c+γ, are fundamental to nuclear 

/astrophysics. In these reactions, a light projectile (b) is captured by a target nucleus (a), leading 

to the formation of a compound nucleus (c) and the emission of a gamma-ray photon (γ) to 

conserve energy and angular momentum 
12

.  

2.1. Bound State Wave Functions and Angular Momentum Coupling 

The wave function is defined as: 

   ( ⃗)  
   
 ( )

 
   

  ( ̂)                                                                                                                (1) 

The term    ( ⃗)  represents the total wavefunction of the system, characterized by the particular 

total angular momentum J and its associated projection M,   
 ( ) the radial wave function, and 

   
  ( ̂) the spin-angular function, which is defined as:  

 

   
  ∑ ⟨       |  ⟩    

 |  ⟩ |    ⟩   with |  ⟩  ∑     
( ̂)     

    
                          (2) 

 

Where    
 is the spinor wavefunction of particle b and A ⟨       |  ⟩  Clebsch-Gordan 

coefficient  is employed here. Radiative capture reactions are modeled within a two-body 

potential framework, where the interaction between the nuclei of the target and the projectile is 

described by the Schrödinger equation. For a bound state 
13,14

. The radial component of the time-

independent Schrödinger equation is expressed as: 

 
  

  
(

  

    
 (   )

  )    ( )   eff( )   ( )      ( )                                                                    (3) 

The effective potential combines central, spin-orbit, and Coulomb interactions: 

 eff( )    ( )     ( )    ( )                                                                                                 (4) 
The central potential is defined by the (WS) form: 

  ( )     *     (
    

  
)+

  

                                                                                                   (5) 

and the spin-orbit potential is expressed as: 

   ( )      (
 

   
)
  

 

 

  
*     (
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( ⃗   )⃗⃗⃗⃗                                                                (6) 

and the potential for Coulombs is defined as: 

  ( )  
       

 

 
  for     r > Rc                                                                                                       (7) 

  ( )  
       

 

   
 (  

  

  
 )   for        r <Rc                                                                                    (8) 

The parameter Zi represents the nucleus' charge number i (where i=a, b). RC is the Coulomb 

radius, typically set equal to R0. The spin-orbit interaction in Eq. 6 is formulated using the pion 

Compton wavelength, given as 
 

   
= 1.414 fm. The parameters V0, VS0, R0, a0, RS0, and a0 are 
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carefully adjusted to reproduce the observed ground state energy EB (or that of an excited state). 

The radial wavefunction is then normalized according to: 

∫ |   ( )|
 

 

 

                                                                                                                                         ( ) 

2.2. Bound and Continuum States 

For bound states (E < 0), wave functions decay at large r. For continuum states: 

    
 (   )   √

   

     
*  

( )( )       
( )( )+    ( )                                                              (10) 

here,   
( )( ) are Coulomb wavefunctions is given by: 

  
( )( )    ( )     ( )                                                                                                               (11) 

this expresses the Coulomb wavefunctions   
( )( ) as combinations of the Coulomb functions of 

the regular Fl and irregular Gl.  σl is the Coulomb phase shift, and the scattering matrix is given 

by            , where δlJ is the nuclear phase shift. To extract the alteration in phase, the 

numerical solution is matched to the known asymptotic form at a matching radius R 
15

 using the 

logarithmic derivative: 

    (
     

 
   

    
 )

   

                                                                                                                         (12) 

This leads to the scattering matrix expressed as: 

    
  
     

     (      )

  
     

     (      )
                                                                                                                    (13) 

A resonance occurs when the phase shift satisfies: 
     

   |
   
 
    and 

    

  
|
   
 
                                                                                                     (14) 

The resonance width is given by: 

   
   (

    

  
|
   
 
)

  

                                                                                                                           (15) 

2.3. Electromagnetic Transitions 

Electric multipole transitions dominate radiative capture processes. The transition operator of 

multipolarity    is 
16

: 

         
    ( ̂)                                                                                                                      (16) 

Where the effective charge eλ accounts for the centre-of-mass correction 
17

: 
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)
 

    (
  

  
)
 

                                                                                                     (17) 

Where the single-particle radial matrix element 
18
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2.4. Cross Sections and Astrophysical S-Factor 

The cross- section for photo-dissociation is given by: 

  
( )(  )  

(  ) (   )

 [(    ) ] 
(
   

   
) (

  

  
)
      (  )

  
                                                                               (19) 

where      |  |  with |  | signifies the binding energy of the two-body system comprising 

particles 'a' and 'b'. For transitions occurring between bound states 
19

: 

  
(  )(  )  

(  ) (   )

 [(    ) ] 
(
  

  
)
    

 (              ) (        )                                     (20)  

where Ei and Ef are the energies of the initial and final states. The radiative capture cross section by 

detailed balance:  

 (  )
(rc) ( )  (

  

  
)
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Summing over all allowed transitions and including spectroscopic factors      The total capture 

cross section σnr  
20

.is given by: 

 nr( )  ∑ (   )        (  )  
(rc) ( )                                                                                                   (22) 

As follows is the definition of the astrophysical S-F for the direct acquisition of charged particles 

to a continuum state to a bound state 
21

 : 

 ( )( )     nr( )     ( )       with  ( )  
     

 

  
                                                                  (23)       

 

3. Results  

The potential parameters in Table 1, provide the foundational input for the initial calculations. 

These include the central and spin-orbit well depths, reduced radius ro, and diffuseness ao, which 

are selected based on conventional values validated in low-energy nuclear reaction studies. 

Nuclear structure inputs specific to each reaction are compiled in Table 2, detailing the ground-

state spin-parity configurations, binding energies Eb, potential depths Vb, and spectroscopic 

factors SF for the compound nuclei
22

. These parameters are critical for generating reliable 

astrophysical S-F and cross-sections and were chosen to reflect both theoretical consistency and 

agreement with available experimental data
23

. The subsequent sections examine each reaction 

individually, comparing the calculated observables in experimental results to assess the model's 

efficacy (Figures 1-12).  
Table 1. Standard WS potential parameters used in the theoretical modeling of radiative proton capture reactions, 

including geometric and depth parameters for central and spin-orbit potentials 

Parameter Value Notes 

ro 1.2 fm Radius parameter 

ao 0.60 fm Diffuseness 

Vso −9.8 MeV Spin-orbit potential depth 

RO=RC=RS0 ro (A+1)
1/3

 fm Geometric scaling with mass number 

 

Table 2. Nuclear structure parameters for selected (p, γ) reactions 

Reaction Jc j0 Ja Eb (MeV) Vb SF 
7
Li(p ,γ)

8
Be 2

+
 P3/2 3/2

−
 17.26 -77.72 1.0 

7
Be(p, γ)

8
B 0

+
 p3/2 3/2

−
 0.14 -41.22 1.0 

9
Be(p, γ)

10
B       

 
3

+
 p3/2 3/2

−
 0.2 -6.59 1.0 

 

 
Figure 1. WS potential U(r) for the 

9
Be(p,γ)

10
B reaction. Shows the radial dependence of the nuclear interaction. 
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Figure 2. Normalized radial wave function u(r) of the 10B ground state formed in the 9Be(p,γ)10B reaction. 

 
Figure 3. The experimental data points (S-F Exp) represent the measured values. The red curve (S-F) WS 

corresponds to the theoretical calculations based on the WS model  
23

. 

 
Figure 4. Scattering phase shift (solid line) and its energy derivative (dotted line) for the 9Be(p,γ)10B system 

showing a resonance at 0.181 MeV. 
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Figure 5. WS potential U(r) for the 

7
Li(p,γ)

8
Be reaction. Shows the radial dependence of the nuclear interaction. 

 
Figure 6. Normalized radial wave function u(r) of the 

8
Be ground state formed in the 

7
Li(p,γ)

8
Be reaction. 

 
Figure 7.The S-F WS (solid line) represents data derived from a theoretical model, while the S-F Exp (circle) 

represents results obtained from an experimental procedure  
24 
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Figure 8. The potential parameters described in the text are used to calculate the phase-shift (solid line) and its 

derivative (dashed line) for the p+
7
Li system. The 1+ resonance is detected at 0.256 MeV. 

 
Figure 9.  The WS model's representation of the potential of the 

7
Be(p,γ)

8
B reaction as a function of the radius 

 
Figure 10.Normalized radial wave function u(r) of the 8B ground state formed in the 7Be(p, γ)8B  reaction. 
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Figure 11.  The S-F WS represents data derived from a theoretical model, while the S-F Exp  represents results 

obtained from an experimental procedure 
25

 . 

 
Figure 12. The 

7
Be(p, γ)

8
B system's phase shift (solid line) and its derivative (dashed line) are determined using the 

potential parameters resonance is detected at 0.631 MeV. 

 

4.Discussion 

4.1.
 9

Be(p,γ)
10

B       

The ground state of 
01

B, characterized by a spin-parity of Jc=3
+
, is described by a proton in the 

p3/2 orbital coupled to a 
9
Be core with an intrinsic spin of Ja=3/2

−
. For the direct capture DC 

process, the γ-ray transition is predominantly of E1 multipolarity, with the incoming waves 

primarily being s-type. The spectroscopic factor SF is assumed to be 1.0. The depth of potential 

for a continuum state Vc has been established at (−34.82 MeV) to maintain consistency with the 

results acquired using the R-matrix method 
23

 . Figure 1 illustrates the radial dependence of the 

nuclear potential for the reaction, computed using the WS potential. The potential exhibits the 

typical profile of a mean-field nuclear potential a sharp increase from a deeply negative value at 

small radii, leveling off near the nuclear surface, and gradually approaching zero at larger 

distances. The depth of the potential well reaches approximately −28.2 MeV near the origin and 

slowly tends toward zero around r ≈ 6–7 fm, aligning with conventional parameterizations 

commonly applied to light nuclei. This potential effectively represents the strong, attractive 

nuclear force within the nucleus as the Coulomb repulsion near the surface, both of which are 

critical for accurately modeling bound and scattering states in radiative capture processes. 

Figure 2 presents for the ground-state the radius wave function u(r) of the 
9
Be(p,γ)

10
B system. 

Plotted as this refers to a function whose value varies with the radial distance from the center of 



IHJPAS. 2026; 39(2): 70-81 

78 

the nucleus. As expected for a bound state in a finite potential well, the wave function exhibits a 

pronounced peak at r ≈2–2.2 fm, indicating the most probable separation distance between the 

proton and the 
9
Be core. Beyond this region, the amplitude decays exponentially. Figure 3 

theoretical predictions obtained using the WS potential model, illustrated by the solid red curve, 

are compared with experimental measurements represented by open circles. Within the energy 

range of approximately 0 to 1.6 MeV, the S-F remains relatively constant, indicating the 

dominance of non-resonant direct capture processes. This stability reflects the exponential 

suppression due to Coulomb repulsion in this low-energy region. As the energy increases from 

0.5 MeV up to about 0.9 MeV, the S-F gradually rises, reaching a pronounced resonance peak 

near Ec.m=0.9 MeV with a maximum value of approximately 11.4 keV·b. This peak signifies the 

presence of a resonant state that enhances the reaction probability by improving Coulomb barrier 

penetrability and involving higher angular momentum partial waves. Following the resonance 

peak, the S-F decreases gradually with increasing energy, falling to about 0.7 keV·b at 1200 

keV, while maintaining good agreement between theoretical predictions and experimental data 

throughout this energy range. Minor discrepancies observed in the 0.3–0.4 MeV region may be 

attributed to unresolved low-energy resonances or experimental uncertainties; however, these do 

not significantly affect the overall confidence in the (WS) model's ability to describe the reaction 

accurately. Overall, this analysis supports the use of the WS potential model for understanding 

low-energy proton capture mechanisms in the 
9
Be(p,γ)

10
B reaction, which is crucial for 

astrophysical applications, particularly in nuclear processes contributing to stellar energy 

generation. 

4.2.
7
Li(p, γ)

8
Be 

The present calculation pertains exclusively to the capture of the grounded state of 
8
Be Jc = 0

+
, 

which is defined as a proton with a charge of p3/2 that is coupled to the 
7
Li core, which has an 

intrinsic spin of Ja = 3/2
−
. The incoming s and d waves and the E1 multipolarity dominate the 

gamma-ray transition 
26

. To achieve the most accurate representation of the experiment data, the 

spectroscopy factor has been established at 1.0. The resonance at 0.4 MeV is generated by 

adjusting a potential depth to the continuum state, Vc = −77.72 MeV. The dashed line in the 

figure is the result obtained when Vc → 0 indicates the result without the effect of the 0.4 MeV 

resonance.  Figure 5 illustrates the radial dependence of the nuclear potential utilized in the of 

the 
7
Li(p, γ)

8
Be reaction, formulated using the WS potential. The potential well exhibits a 

characteristic depth of approximately −26.7 MeV. It extends spatially to reflect the finite range 

of nuclear forces, with the potential a radius of fm 6. The potential profile indicates a moderately 

diffuse nuclear surface, consistent with the chosen diffuseness parameter a1=0.6. Such behavior 

of the potential well underpins the binding of the final-state system, in agreement with the bound 

state configuration of the 
7
Li nucleus. Figure 6 for the ground state of the 

7
Li (p, γ)

8
Be system, 

the radial wave function u(r) is presented as a function of the radial distance from the nuclear 

center. The wave function is normalized and exhibits a pronounced peak around r ≈(2-2.5) fm, 

corresponding to the most probable separation between the proton and the 
7
Li core. Figure 7 the 

S-F is also influenced by the resonance at 0.4 MeV, as evidenced by the experimental data from 

Ref 
27

 . The result of the capture at both the ground level and the first excited state is three times 

as large as the result for the ground state alone. It also examines the capture of the ground state. 

The S-F gradually increases at low energies, indicating the dominance of direct interactions 

between the particles and the nucleus. As the energy rises, the S-F reaches its resonance 0.4 MeV 

peak, where the particle's energy matches an internal nuclear energy level, significantly 

enhancing the reaction probability. After the resonance energy, the S-F gradually decreases due 

to the increasing dominance of Coulomb effects. Figure 8 this analysis illustrates the energy 

dependence of the phase shift (solid blue line) and its derivative (dotted red line) for the 
7
Li(p, 

γ)
8
Be system, calculated using the WS potential model. The phase shift shows a sharp increase 

near the center-of-mass energy ER=0.256 MeV, which clearly indicates a narrow resonance state 

within the compound nucleus 
7
Li. 
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4.3. 
7
Be(p, γ)

8
B 

The 
8
B is a Jc = p3/2  coupled to the 

7
Be core, with an intrinsic spin Ja= 3/2

-
. In this instance, the 

values of a = 0.52 fm and VS0 = -9.8 MeV are derived from 
22

. The incoming s and d waves and 

the E1 multipolarity dominate the gamma-ray transition. The spectroscopy factor was set to 1.0, 

the most effective reproducer. The S-F for the radiative capture in Figure 11 the strong 

resonance effect at E=0.6 MeV, where increase in the S-F is observed, indicates the presence of a 

resonant state in the 
8
B nucleus. This resonance significantly enhances the probability of 

interaction between the proton and 
7
Be, leading to a notable increase in the reaction rate of 

7
Be(p,γ)

8
B. This phenomenon can be explained by the strong coupling between the initial and 

final states through a resonant channel, resulting in a substantial amplification of the effective 

cross-section of the reaction. Figure 12 shows a pronounced peak in the phase shift is observed 

at E=0.6 MeV, corresponding to a resonance energy of ER=0.63 MeV. This indicates the 

presence of a resonant state, where the phase shift increases sharply, reflecting a significant 

enhancement in the interaction at this energy. 

 

5. Conclusion  

In this study, we have theoretically investigated the radiative proton capture reactions 
9
Be(p, 

γ)
10

B, 
7
Li(p, γ)

8
Be, and 

7
Be(p, γ)

8
B using a direct capture model with WS potentials. These 

reactions are important for stellar nucleosynthesis, particularly in stars undergoing hydrogen and 

helium burning processes. For the 
9
Be(p, γ)

10
B reaction, the calculated astrophysical S-F 

successfully match the experimental data across the energy range 0.1–1.6 MeV, with a maximum 

deviation of less than 7% and an RMS deviation of 0.08 keV·b. The model accurately reproduces 

the resonance at Ecm=0.9 MeV, with phase shift analysis confirming the narrow resonance 

behavior. For the 
7
Li(p, γ)

8
Be reaction, the theoretical S-F agrees with experimental results 

within 8% below 0.5 MeV, and it reproduces the narrow resonance near Ecm=0.4 MeV. The 

sensitivity analysis reveals that variations in the potential depth affect the S-F by approximately 

10–15%, with the use of a spectroscopic factor SF = 1.0 improving the match for the resonance 

region. For the 
7
Be(p, γ)

8
B reaction, the model reproduces both the non-resonant behavior and 

the narrow resonance at Ecm=0.63 MeV, which corresponds to the Jπ=1
+
 state in 

8
B. The 

calculated S-F deviate by less than 9% from the experimental data, with an RMS deviation of 

0.05 keV·b. Phase shift analysis independently confirms the position and presence of this 

resonance. The accurate modeling of this reaction is significant for understanding 
8
B synthesis in 

stars and its impact on astrophysical processes. 
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