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Abstract

In this paper, we study and introduce two new concepts in module
theory: semi-coessential submodules and semi-coclosed submodules.
These notions are generalizations of the classical concepts of coessential
and coclosed submodules and aim to provide a broader framework for
analyzing module structures. We investigate the main properties of
these submodules and examine their relationships with coessential and
coclosed submodules. Several characteristics associated with these ideas
are explored, including conditions under which a submodule can be
considered semi-coessential or semi-coclosed. The definitions are
formulated in terms of factor modules and the semi-small condition,
allowing a systematic approach to understanding their behavior within
an R-module. Various propositions and illustrative examples are
provided to demonstrate how these new submodules retain essential
features of their classical counterparts while offering increased
flexibility for structural analysis. The results highlight that semi-
coessential submodules generalize the notion of coessential submodules
by relaxing certain constraints, whereas semi-coclosed submodules
extend coclosed submodules by providing a more flexible framework
for identifying maximal submodules with no proper semi-coessential
submodules. Overall, these concepts enrich the study of module theory

by offering new tools for examining the internal structure of modules
and their submodules, paving the way for further research and potential
applications in algebraic structures and related areas. Let U and D be

submodules of an R-module F such that U < D < F, then U is called

q q . .. D F o
semi-coessential submodule of D in F, if 5 Ksemi 3 - Moreover, U is

said to be semi-coclosed of F, if % Lsemi % implies that U = D.

Keywords: coessential submodules, coclosed submodules, semi-
coessential submodules, semi-coclosed submodules.

1. Introduction

In this article, every module is unitary left R-module and every rings have identity. H is a
proper submodule of F an R-module is said to be small (H « F) if, H+ U # F, for each proper
submodule U of F*®, Intuitively, a small submodule is too “weak” or “insufficient” to generate
the whole module when combined with any other proper submodule. This property makes small
submodules very restrictive and therefore useful in characterizing other types of submodules. A
proper submodules U of an R-module F is said to be semi-small (U <gomi F), iIf U + H #+ F, for
any primary submodule H of F"®. Clearly, every small submodule is automatically semi-small,
but the converse does not generally hold, which highlights the broader nature of the semi-small
condition. When a proper submodule B of F is seen as primary if rb € B,r € R,and b € F
implies that, for any positive number n, either b€ B or r™ € [B:F], where[B:F] =
{r € R: rF < BY**. This condition generalizes the well-known concept of primary ideals to the
more general framework of modules, making it a powerful tool in structural analysis. A
submodule D is called a coessential submodule of N in R-module F and denoted by (D <., N),
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if the quotlent is small submodule of 16. And a submodule D is called a coclosed submodule

in R-module F and denoted by (D <. F), if D has no proper coessential submodule in F*"2,

It is evident from these definitions that small submodules form the basis for studying semi-small
submodules of an R-module F. while coessential submodules motivate the study of coclosed
ones'®??, Several authors have investigated these notions as natural generalizations, providing
useful tools to analyze module structures. The concepts of semi-coessential and semi-coclosed
submodules, introduced in this work, extend these ideas further, allowing more flexibility and
wider applicability in module theory and its algebraic structures.

2. Materials and Methods

2.1. Semi-Coessential Submodules

In this section, we suggest and define a new type of submodules, called semi-coessential
submodules, and discuss some of their most important features.

2.1.1. Definition

Let F be an R-module and E,D < F,suchthat E < D < F. A submodule E is referred as to be a

semi-coessential (s-coessential) submodule of D in F and denoted by (E <;.. D), if % Ksemi g

2.1.2.Remarks and Examples
e Each coessential submodule is also an s-coessential submodule, since each small submodule is
semi-small in general, the convers is not true.
6

elnZ asa Z-module; a submodule (0) is not s-coessential of 2Z , since 2Z, =~ % is not semi-

small of — = 7.
elnZ,asa Z-module' (0) is s-coessential of 2Z,, since % ~ {0,2} Ksemi % ~ Z4 !

e Consider Z as a Z-module; 4Z is s-coessential of 2Z , since —Z ~{0,2} <<Seml =7,

oConS|der Zg as a Z- module a submodule 4Zg5 = {0,4} is s- coessentlal of 228 = {0, Z 4,6},
smce ~{0,2} <<Seml ~ 7, by’

2.1.3. Proposmon

Let F be an R-module, and that E is a semi-small submodule of F, if and only if (0) <. E in

F.
Proof: Assume E is semi-small of F, since (0) <E <F, therefore by’ , we result in

£ Lsemi (F—) Hence (0) <;c. E inF. Conversely, let (0) <. E inFand F = E + U, where

(0)
U is a primary submodule of F, so — = E+U ., hence £ _E 1Y Since (0 EinF,
primary (0) © ©~ © 5+ © (0) Ssce

then = L Thisis a contradiction, since Y is primary submodule of — and —
(0) Ksemi (0 0) P y (0) (0)

Lsemi (FT) .Thus E + U # F,and hence, E <somi F.

2.1.4. Proposition

Let E,N,U be submodules of F an R-modulewith E < N < U <F.ThenN <, ., UinF,ifand
only if = _Sce% in g

Proof: Assume N <., U in F, thus % Ksemi % . By using the third isomorphism theorem*, we

U F U F
U _E F __E B 5 N Uu. F N U .
get — = g v = g , thus g Lsemi g and hence ~ Sscey N~ Conversely, let Z Sscep IN
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U

and by using the third isomorphism theorem*, we get 5=

, therefore semi ¥ =

<<semi

SIS

mlzlnﬂ-n

n-:lzltnlc:
A

and hence, Il\],<<seml . Therefore, N <; .. U.

@l Zmim Tl

2.1.5. Proposition

Suppose that F is an R-module. Then D <, ., H where D < H < Aand D, H, A are submodules
of F.If D <., AInF.

Proof: Suppose g = g+g , Where g is a primary submodule of g . Then F = H + K, thus
F=A+K,since H<A so g = —+5 by assumption D <, ., A then % Lsemi g S0 % =g IS

contradiction, therefore, g Lsemi E and hence, D <., H.

2.1.6. Lemma

Let U;and U, be an R-modules with 6:U; — U, is an R-epimorphism. If L is a semi-small
submodule of U;, such that ker 8 € L, then 6(L) is a semi-small submodule of U,.’

2.1.7. Proposition

Let F; and F, be R-modules with g:F; — F, be an R-epimorphism. If D <, K in F;, then

g(D) —=s.ce g(K) m FZ
Proof: Define a: ——> (D) by a(x+D) =g(x)+g(D) ,Vx€F,it is clear that a is an

epimorphism. Since D <, ., K in Fj, thus < > Lsemi 7 b , by lemma 2.1.6 « (K) = % semi %.
Hence g(D) <;ce g(K) in F,.

2.1.8. Lemma

Let U;and U, be an R-modules with 6:U; — U, is an R-homomorphism. If L is a primary
submodule of U, , such that A € Im @ , then 6~*(L) is a primary submodule of U, .’

2.1.9. Proposition

Let F be an R-moduleand K < H < F.If F=H + C, then F = K + C, for every submodule C

of F.Hence K <; .. HinF.
Proof: Let g = g+£ , and % is a primary submodule in g , hence F = H + L and by lemma

2 1.8 L is a primary submodule of F, by assumption F=K+LsinceK <L,soF =L, then % =

— and this is a contradiction, therefore 2 <<Seml and K <g.,HinF.

2 1.10. Remark
The convers is not true of proposition 2.1.9 in general. For example, in Z;, as a Z-module, 6Z;,

is s-coessential of 3Z,, and 2Z,, + 3Z,, = Z;, but 6Z,, +2Z,, = 2Z,, # Z;,. To show

Zz Lsomi 622—1122 . The submodule (2), (3) and (4) are the only primary submodules of Z,,, since

3%12
6Z1>
2.1.11. Proposition

Let F be an R-module,suchthat D < H<F.fH =D+ W,and W <omm; F,then D <, .. H in
F.

Proof: Let % be a primary submodule of g We have to show % Lsemi % and let % = % +% ,
hence F=H+C , since H=D+Wso F=({D+W)+C, impliesF= W+ C, since

W Lsemi F and C is a primary submodule of F, so C = F by lemma 2.1.9. Then % = % and

VA . . .
2 6215 Lgemi 2217 = ﬁ S0 6715 Ksemi 2212, hence 6Z,, is s-coessential of 3Z;, in Z;,.

.. . - H F
this is a contradiction. Hence > Ksemi 5 and D <. H.

2.1.12. Corollary
Let F be an R-module and supposethat D < H < F.If F=D+Cand C N H Koy F,then D
<;ce HINF.
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Proof: The submodule H=HNF = H N (D + C) by amodule law, we get H =D + (C N H),

since C N H Ko F, therefore by proposition 2.1.11 D <, ., Hin F.

2.2. Semi-Coclosed Submodules

Recall that a submodule K of F is said to be a coclosed submodule (denoted by K <. F), if

g < g implies that K = H.%°

2.2.1. Definition

An R-module F, a submodule U of F is said to be a semi-coclosed submodule of F (s coclosed)

and denoted by (U <. F), if H <., U for any submodule H of F (i.e. if % semi = ) implies

that U = H.

2.2.2. Remarks and Examples

e Each small submodule is semi-small” so every semi-coclosed submodule is coclosed.

Proof: Let D be a s-coclosed submodule of F and K < D such that % 3¢ g then % Lsemi g !

Since D is a s-coclosed, hence K = D. Therefore, D a coclosed submodule of F.

e The convers of (1) in general is not true. For example; @ as Z-module semi-coclosed because
each proper submodule of Q is semi-small and it has proper submodules which is not small so
that is not coclosed.

e Consider Zg as Z-module; a submodule2Zg is not s-coclosed, because 4Zg <. 2Zg by
remarks and examples 2.2,4 but 4Zg + 2Z;.
e Consider Z as Z-module; a submodule 2Z is not s-coclosed, because {0,2} = % Lsemi é ~
Z,,but4Z #2Z.

e Consider Z;, as Z-module , 6Z;, is not s-coclosed in Z,, since the only submodule of 6Z;, is
(0), 6Z12 ~ 67, and % ~ 7,5 SiNCe 6715 Kgomi Z12 and 6Z;, # (0).

2.2.3. Proposition

Suppose F is an R-module and K, D, C are submodules with D < C < F, then C <. F if and

F
only if , = < .. D
Proof: Assume - << and <qce % in g by proposition 2.1.4, we get K <., C in F and since
C <5¢c FthenK = H and hence - = %.

Conversely; Suppose K <;.. C in F by proposition 2.1.4, we get

;_SCC then gz %and hence K = C.

2.2.4. Proposition
Suppose F is an R-module, a submodule K is a non-zero of F, if K <, .. F then K is not semi-
small in F.

Proof: Suppose K <gem; F and K <, .. F. Since (0) <K and K = (KT) Lsemi — (0) ~ F. Then

K = (0) which is a contradiction. Therefore, K is not semi-small in .
2.2.5. Proposition
Suppose F is an R-module and K; < K2 <FandifK; <;. F,thenK; < ce K.

K; F K .
Proof: Assume D < K; such that 3 <semi ;2 < -, S0 by’ ;1<<S€mi = . Since Ky <g

F implies that D = K;, therefore K; <;.. K, .

Recall that a module F of an R-module, if each proper submodule is semi-small in F then F is
called s-hollow module?.

2.2.6. Proposition

For each non zero s-coclosed submodule of an s-hollow module is s-hollow.

Proof: let F be a module is an s-hollow and H is s-coclosed in F and let B be a proper
submodule of H and € be a primary submodule of H such that H = B + C. Since F is s-hollow?

o=

Ss.ce

(Ol oY

. F .
in > and since
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. g is s-hollow. If % is a proper submodule of g S0 % Ksemi g but H is s-coclosed, then
H = C this is a contradiction S0 B <gem; H. Thus H is s-hollow.

Remember that a module F of an R-module, if each proper submodule of F is prime then F is
said to be a fully prime module ?*. And if each proper submodule of F is primary then F is said to
be a fully primary module®.

3. Examples and Propositions
e Every fully prime module is fully primary module; in general, is not true the convers. For
example; in Zg as Z-module is fully primary module but isn’t fully prime module.
e Consider Z,, as Z-module is not fully primary, because 6Z,, is not primary submodule of Z,,.
e In Z, as Z-module is fully primary, because 2Z, and 3Z, are primary submodules of Z.
3.1. Proposition

Let F be an R-module is a fully primary module and K; < K, < F. If % <s.cc Kil and K;
Lgemi Kz, then K, <; .. F.

Proof: Suppose that D < K, such that %«Semig , and let 7T:F—>Ki is the natural
1
Ky
epimorphism, since D <;.. K, , then by proposition 2.1.7 D;Kl <s.ce % implies that %}Q
1 1 —
K1
F
Lsemi D’f}(l . But® <s.cc £ so 25 =2 and hence D + K; = K,. Since F is a fully primary
Ky Ky Ky K €1

module, D is primary submodule of F and D < K, and K, is primary in F then D is primary
submodule of K,, but K, is semi-small of K,, thus K, = D. Therefore K, < .. F.
3.2. Proposition

Let F = F; @ F, be an R-module. If K <. F;, then K <. F.

K F F, ®F K F, F,®H K F;
Proof: Let H < K such that — Ksem; 7 = %, then — Kgemi ;1 % by’ = Ksemi ;1

Since K K. F;, thenH = Kand K <, .. F.

4. Results and Discussion

Generalizing classical submodule concepts allows broader exploration of module properties,
and semi-properties maintain essential structural elements while providing more flexibility, and
the results offer a foundation for studying weaker module structures and broader applications in
algebra. Examples showed how semi-properties can be distinguished from their classical
counterparts. Future research can build upon these concepts to explore deeper relationships in
module theory.

5. Conclusion

The concept of semi-coessential submodules was introduced as a generalization of coessential
submodules, and the concept of semi-coclosed submodules was introduced as a generalization of
coclosed submodules, and various propositions and examples were used to explore the properties
and relationships of these new submodules. It was demonstrated that semi-coessential and semi-
coclosed submodules retain some core traits while offering broader applicability, and findings
provide a foundation for future research in module theory and algebraic structures.
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