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Abstract

The sources of coherent short-wave light formation by external
seeding methods in free electron lasers (FELSs) are examined in this work.
A MATLAB-based computational tool named FELSAP2025 was
developed for this reason. This program simulates the dynamics of the
electron beam, computes the bunching factor, simulates radiation buildup
in the undulator, and checks the sensitivity of the results to variations of
beam or machine parameters. The comparison of our results with those of
internationally accepted codes GENESIS 1.3 and ELEGANT indicates
that the main concentration was on a comparison of two prominent
seeding techniques: High-Gain Harmonic Generation (HGHG) and Echo-
Enabled Harmonic Generation (EEHG). Our analysis embellished an
excellent investigation of spectrum preservation of coherence for each
method, efficiency in harmonic generation, and response to imperfections
such as energy chirp in the beam. The results indicate that EEHG favors a
narrow bandwidth and more harmonic contents and consistently seems to
perform better in real situations. For these reasons, EEHG emerges as a
viable candidate for the production of highly coherent light in the extreme
ultraviolet (EUV) and soft X-ray range, with applications in ultrafast
experiments and detailed spectroscopy.

Keywords: Free-electron laser, Echo-Enabled Harmonic Generation,
High-Gain Harmonic Generation, Coherent short-wavelength radiation,
Harmonic up-conversion, Energy chirp tolerance.

1.Introduction

Free Electron Lasers (FEL) have been found to be exceedingly advantageous in many areas of
research due to their high brightness and extremely short pulse duration. Tuning of various
wavelengths from infrared to hard X-ray spectra presents yet another advantage for FELS; this
allows scientists to study ultrafast chemical processes and image biological structures, along with
the study of nanomaterials’®. But FELs working in self-amplified spontaneous emission mode
are still limited further. Mostly, they have bad temporal coherence and will give rise to outputs
that are strongly varying from one pulse to another, mainly due to the fact that the onset of the
lasing process is random from spontaneous emission®*°. To avoid such limitations, researchers
have developed sophisticated seeding techniques, especially High-Gain Harmonic Generation
(HGHG) and Echo-Enabled Harmonic Generation (EEHG), which employ seed lasers and
specially designed magnetic sections to provide energy perturbations to the electron beam to
foster the generation of coherent radiation at harmonic wavelengths'™*°,
EEHG is very fascinating, as it can achieve higher harmonics in one step and seems less
polymerized by operational defects such as energy chirp in the beam'®?. Results from
experiments done at facilities such as FERMI@Elettra and SDUV-FEL show that the most
promising part of EEHG is that, in general, it leads to narrower bandwidth and higher-intensity
harmonic generation compared to HGHG. In our work, we carried out simulations and
comparisons of HGHG and EEHG under conditions representative of real FEL machines using a
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MATLAB-based tool we developed, called FELSAP 2025. This tool, developed with the
aforementioned purposes in mind, provides a one-stop shop for beam dynamics modeling,
bunching factor calculation, radiation growth simulation, and sensitivity checks. In order to be
safe, we also cross-verified with GENESIS 1.3 and ELEGANT data. Through these simulations,
we intend to compare the two methods quantitatively to derive which method is capable of
effectuating more pronounced spectral coherence and stability as traits in experiments that
require high-quality extreme ultraviolet (EUV) or soft X-ray light.

2. Materials and Methods

Here, we outline the key theoretical ideas that support our simulation study carried out with
the MATLAB-based tool FELSAP 2025. We outline the main principles behind FEL radiation,
describe how harmonic generation works in seeded FELS, and summarize how the HGHG and
EEHG schemes operate, building on what has been discussed in earlier studies™3®*192,
2.1. Fundamentals of free-electron lasers
A free-electron laser (FEL) works by directing a high-energy beam of relativistic electrons
through a special periodic magnetic device called an undulator, which leads to the production of
coherent electromagnetic radiation™? .The oscillatory motion of the electrons within the
undulator field results in synchrotron radiation, which, under proper resonance conditions,
experiences exponential amplification through stimulated emission®. The fundamental resonance
condition is given by**%:

2

A = :7“(1 +5) (1)
where A, is the radiation wavelength, A, the undulator period, y the Lorentz factor, and K the
undulator strength parameter®. This tunability makes FELs uniquely versatile for applications
across spectral ranges from infrared to hard X-rays.
2.2. Harmonic generation in seeded FELs
The intrinsic temporal incoherence of SASE (Self-Amplified Spontaneous Emission) FELS was
overcome by external seeding techniques like High-Gain Harmonic Generation (HGHG) and
Echo-Enabled Harmonic Generation (EEHG), which control the way energy modulations are
imparted onto the electron beam using external seed lasers'®*. The energy modulations transfer
into spatial microbunching via dispersive sections characterized by momentum compaction
factors ( R s¢)***. This controlled microbunching facilitates coherent emission in harmonics of
the frequency of the seed laser, leading to more spectral purity™®. In this context, it is important
to distinguish between the seed wavelength A5, which is the wavelength of the external laser used
to modulate the electron beam, and the radiation wavelength A;, which is the output wavelength

generated in the radiator undulator. The relationship between them is commonly given by'**>%:

A =% )

n
Where n is the target harmonic number. As an example, with the seed wavelength of 1047 nm
and third harmonic selection, the FEL can realize coherent radiation at ~349 nm. This up-
conversion of harmonics is one of the most advanced modes toward achieving full coherence in
short-wavelength FEL radiation. By definition, the bunching factor at harmonic order n
determines the intensity of coherent emission as follows:

by= |5 Iy 3
Where ks=2m/As represents the wave number of the seed laser, and z; refers to the longitudinal
position of the j-th electron'*#?®. High bunching factors correspond to strong coherent harmonic
emission. The modulus (absolute value) ensures that the bunching factor is a real number,
constrained between 0 and 1*°,

bn = 0: the electrons are randomly distributed — no coherent emission.
bnclose to 1: the electrons are tightly microbunched — strong coherent emission.
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2.3. High-Gain Harmonic Generation (HGHG)

The actual process involved in HGHG is threefold:

(i) modulation of the electron energy by the seed laser in a single modulator;

(if) conversion of this energy modulation into density microbunching through a dispersive
section;

(iii) emission of coherent light at the desired harmonic wavelength from the radiator
HGHG is capable of "delivering™ very coherent radiation at moderate harmonic orders, but it is
very susceptible to energy-time correlation (energy chirp) in the beam™. Linear chirp h leads to a
wavelength shift in the output by about n -h-Rsg (which represents the wavelength shift induced
by the electron-beam energy chirp through the dispersive section, which becomes more severe at
higher harmonics), broadening the spectral width and decreasing coherence for higher

517a1rgnzc;n2ié:s. The output wavelength of HGHG can shift under an energy chirp h and is given by™

12,15,24

AHGHG - 7 (4)

This implies that HGHG is sensitive to beam energy chirp and Rse.

2.4. Echo-Enabled Harmonic Generation (EEHG)

EEHG introduces a second modulation-dispersion stage, enabling efficient generation of higher
harmonic orders with reduced sensitivity to energy chirp™>®?®, Recent studies have
experimentally confirmed EEHG’s advantages in spectral purity and high-harmonic bunching
efficiency®® *"?. Figure 1 illustrates the schematic comparison between HGHG and EEHG

configurations, as described in'> %% %3,
Seed Laser As L’
iy B, — Rl Y —o HHHHHHI—
HGHG M1 Ds1 Radiator
Ao 2~7‘
Seed Laser e P
B ASA—E T TTT T
M2 Ds2
EEHG % T} []| Reaiaton
M2 Ds2

Figure 1. Schematic comparison of HGHG and EEHG processes in seeded FELS.

In HGHG, a single modulator introduces energy modulation via a seed laser, followed by a
dispersive section that induces microbunching and a radiator tuned to a harmonic wavelength. In
EEHG, two modulators and two dispersive sections sequentially manipulate the beam phase
space, enabling strong bunching at higher harmonics with better tolerance to energy chirp.

The initial modulator of the EEHG scheme creates weak energy modulation on the electron
beam, which undergoes severe longitudinal phase space distortion through its first dispersive
section. A second energy modulation is then applied to this highly distorted phase space, and the
subsequent dispersive section converts the resulting complex energy—position correlations into
fine-scale density microbunching. The beam echo mechanism produces strong bunching at
extremely high harmonic orders, which exceed the standard HGHG boundaries.
The effective wavelength is given by™ 2*2:

n (RG+RE) )+1

()

A =g —F————
EEHG S n+(1+hR§16))m

Where m+n=k, the total harmonic order.
This configuration allows the central wavelength to be less sensitive to energy chirp, offering
better spectral stability than HGHG.
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2.5. Simulation methodology

This is the section wherein the simulation framework for the performance evaluation and
comparison of HGHG and EEHG options under realistic beamline conditions has been designed
and presented. Evaluation primarily focused on spectral coherence, harmonic bunching
efficiency, and gain performance.

2.5.1. Numerical tools

This study was approached using a simulation tool based on MATLAB and tailored specifically
for this study, FELSAP 2025 (Free Electron Laser Simulation and Analysis Program, version). It
includes most essential components: the modeling of electron beam dynamics, calculation of
bunching factors, modeling of radiation gain inside the undulator, and examination of the
system's sensitivity to variations in beam and machine parameters.

We validated our simulations against results derived using two well-established codes:

* GENESIS 1.3—a very famous FEL three-dimensional time-dependent code. This specific code
clearly shows the radiation growth and an effect on the electron beam®®

« ELEGANT—This has been a very complex formalism concerning beam dynamics, in which
individual particles are tracked along the accelerator path while the phase-space development is
brought together by superposition effects from dispersive elements along the beamline'*.

This greatly facilitated our own research on the system while at the same time ensuring
alignment with mainstream FEL practice.

2.5.2. Electron beam and seed laser parameters

The simulation parameters we applied in our study are consistent with those set at actual FEL
sites like SDUV-FEL and NLCTA; we, therefore, hope that the conditions modeled would come
as close to practical setups as possible. Table 1 presents the primary input parameters that were
used in the simulations run by our MATLAE-based tool, FELSAP 2025. To ensure the validity
of our results, we also compared them with those generated from GENESIS 1.3 and ELEGANT.
Energy modulation and the generation of harmonics should be efficient, with no disregard to the

overall quality of the electron beam, all done in such parameter selection.
Table 1. Key simulation parameters for the HGHG and EEHG studies.

Parameter Value

Beam energy 135.4 MeV

Lorentz factor (y) ~ 265

Bunch charge 200 pC

Normalized transverse emittance 4 mm-mrad

Initial energy spread 2.6 keV

Seed laser wavelength 1047 nm

Seed pulse duration (FWHM) 8.7 ps

Modulator periods (M1, M2) 65 mm, 50 mm

Dispersive strengths R =7mm, R = 1.9 mm
Radiator period 25 mm

Radiator length 6 segments x 60 periods/segment
Seed pulse energy Adjustable up to 60 mJ

2.5.3. HGHG and EEHG configurations

In order to achieve a balanced comparison, we simulated both HGHG and EEHG setups using
the same beamline and undulator parameters.

Most of the simulations were done with our MATLAB-based tool FELSAP 2025, and we also
have cross-checked the results against those produced by GENESIS 1.3 and ELEGANT for
consistency considerations.

- HGHG Setup

e Single modulator (M2)

e One dispersive section (DS)

« Radiator tuned to the 3rd harmonic of the seed laser
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- EEHG Setup

e Two modulators (M1 and M2)

o Two dispersive sections (DS1 and DS2)

« The radiator is also tuned to the 3rd harmonic.

« Enhanced microbunching achieved by optimizing phase space with strong DS1 and weaker

DS2

The two arrangements are generally targeting the same harmonic wavelength, but they are rather
different in the way they produce harmonics. Their differences mainly relate to the sensitivity
toward energy chirp in the beam and spectral coherence.
2.5.4. Output diagnostics
Major simulation diagnostics to assess and compare the overall performance when configuring
an HGHG or EEHG include:

+ Radiation Pulse Energy: Reflects gain performance and lasing efficiency

+ Central Wavelength and Bandwidth: Measure spectral coherence and stability

» Bunching Factor b,: Degree of microbunching at harmonic order n

 Radiation Power Evolution: FEL growth along the undulator

» Spectral Sensitivity to Energy Chirp: to be explored by scanning a range of linear chirp

values

Most of these outputs are computed and visualized by the FELSAP 2025 MATLAB Based Tool,
while verification with GENESIS 1.3 and ELEGANT puts checks on accuracy: Common outputs
also produce an overall learning and true comparison of the performance of HGHG against that
of EEHG in terms of coherence, harmonic efficiency, and will, of course, undergo changes with
the introduction of defects in the beam. In this way, a user can run all steps-the definition of
beam and undulator parameters, the simulation of schemes HGHG and EEHG, and the
visualization of important outputs such as bunching factors, gain evolution, and chirp sensitivity-
on demand without using outside code. Figure 2 depicts the developed FELSAP 2025 user-
friendly interface built on MATLAB App Designer. Through this interface, a user can define
beam and undulator parameters, run simulations of HGHG and EEHG schemes, and visualize
important outputs such as bunching factors, gain evolution, and chirp sensitivity.

3.14578e-11 plot | Advanced Simulation| e OCITY OF & (mis) 3.000e+08 LENGTH Lu in (m)
PFEL NOATT. in (W,
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le BEAM CURRENT OF & 10000 ALTITUDE Hin{m)
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Figure 2. Graphical User Interface (GUI) of FELSAP 2025
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3. Results
The analysis is thus based on simulation results using the MATLAB-based tool
FELSAP 2025, which integrates beam dynamics harmonic bunching calculations and FEL gain
modeling. Some results were contrasted and benchmarked against GENESIS 1.3 and ELEGANT
to ensure reliability.
3.1. Radiation spectrum-hence central wavelength
Figure3 shows simulated radiation spectra obtained from both HGHG and EEHG
configurations optimized for the third harmonic of the 1047 nm seed, ideally ~349 nm (according
to Equations (1) and (2)). The peak in the resultant spectrum in the case of HGHG occurs at a
wavelength around ~345 nm and is accompanied by a significant widening of the spectrum with
a slight asymmetry toward short wavelengths. The red shift of ~4 nm with respect to the ideal
third harmonic is mainly due to the high sensitivity of HGHG to linear energy chirp in the
electron beam. Energy chirp adds a correlation between longitudinal position and energy and
leads to an effective shift in the resonant wavelength as predicted by the FEL resonance
condition. Several nanometers of wavelength shift and increased bandwidth in HGHG occur. In
contrast, the design of an EEHG would halt the emission, and a higher radiative dark peak will
be observed close to the target optimum wavelength at ~350 nm. Its spectral shape is more
flattened and shows a narrower width indicating a stronger ability of EEHG to handle energy
chirp and other collective effects. Because of this modulation, which has two dispersive sections,
this advantage has been rebuilt majorly, owing to the special configuration of EEHG. Thus, the
phase correlation due to chirp in the phase space of the electron beam is greatly reduced.
1.0

— HGHG

— EEHG
.8

Spectral Power (arb. units)
o o ©
A O

o
N

(0)
340 345 350 355 355
Wavelength (nm)

Figure 3. Radiation Spectral comparison between HGHG and EEHG

3.2. Spectral bandwidth

The spectra bandwidths generated by HGHG and EEHG systems, both at the third harmonic of about
~349 nm, are compared in Figure 4 (according to Equation (1)). Though both techniques attempted to
reach the same wavelength, simulations indicated differences in the actual bandwidth obtained.

For HGHG, FWHM bandwidth is something like 10 nm, translating to 2.9% relative bandwidth.
It is mainly due to the greater sensitivity of HGHG, which renders it more susceptible to energy
chirp and other known imperfections present in the electron beam that would cause broadening
of the resonance condition across the bunch.
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Figure 4. Spectral bandwidths comparison between HGHG and EEHG

The contrast is that EEHG has an FWHM of 5 nm, which is equivalent to approximately 1.4% in
relative terms, and has a narrower emission bandwidth. This will therefore also indicate that
there should be a more purified and defined output spectrum that can be provided by EEHG
since it is a result of two-stage modulation of EEHG with dispersion, which corrects phase errors
such as those that would be caused by chirp and other nonlinear effects.

3.3. Microbunching and bunching factor

The bunching factor bn as a function of harmonic order n is shown in Figure 5 for both the
HGHG and EEHG cases (according to Equation (3)). This factor is significant because it
determines how effectively the electron beams can microbunch themselves along the beam, thus
determining the strength and coherence of the produced harmonic radiation.

An approximately ~0.2 bunching factor is achieved using both techniques, with the third
harmonic (n=3). This means that for lower harmonics, either technique can work to modulate the
beam into the required seed laser microbunching conditions.

Things, however, change quite dramatically for the higher harmonic orders (n> 10). For HGHG,
there is a drastic drop of the bunching factor from <0.05 onset with the 15th harmonic, meaning
scaling up the higher harmonics is vastly limited. Conversely, all the way into n values higher
than 10, EEHG stays significantly above 0.1. This is because of the better performance of
EEHG, which is designed specially to have something like two modulation and dispersion stages
to finely reshape the phase space of the beam.

0.30

— HGHG

0.25

Bunching Factor

0 5 10 15 20
Harmonic Number

Figure 5. Bunching factor vs a harmonic number
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3.4. Gain and pulse energy

Figure 6 indicates how the pulse energy of the simulated FEL varies along the radiator in both
HGHG and EEHG cases (according to Equation (4)). The bunching factor bn as a function of
harmonic order n is shown in Figure 5 for both the HGHG and EEHG cases. The pulse energy is
one of the key measures for determining the ability of the FEL to amplify the radiation and
reflects the overall efficiency of the lasing process. Both setups show initial exponential growth
of power attributable to coherent emission induced by the microbunching effect. In the case of
HGHG, the pulse energy first increases from the shot noise level to about ~1 mJ at the exit of
about 6 undulator segments (each made of 60 periods). Initially, the gain increases rapidly,
whereas after saturation the gain decreases as more energy spread is induced, and hence more
nonlinear effects become relevant. The pulse energy attained in an EEHG scheme appears to be
slightly larger (~1.1 mJ) yet at the same undulator length as in HGHG. Efficient control of the
gain curve with reduced saturation is a noteworthy advantage to EEHG. The higher bunching
factor retained by EEHG at higher harmonics and much better tolerance to energy chirp explain
the steady performance in energetic extraction towards the end of the radiator.

9

— HGHG

— EEHG
8

Gain
=~

(0) 1 2 3
K-value

Figure 6. Evolution of radiation pulse energy along the undulator.

3.5 Sensitivity to energy chirp

Figure 7 shows how changing the linear energy chirp affects both the central wavelength and the
bandwidth of the FEL output for the HGHG and EEHG configurations (according to Equation (5)).
Energy chirp, which describes a linear link between an electron’s longitudinal position and its energy, is a
common imperfection in real FEL systems and can have a strong impact on the output spectrum. For
HGHG, the simulations reveal that even moderate chirp values (around +5 m™) lead to noticeable shifts
in the central wavelength, sometimes by as much as ~5-7 nm, and cause the bandwidth (FWHM) to
widen by several nanometers. Generally, a positive chirp tends to shift the spectrum toward longer
wavelengths (red-shift), while a negative chirp shifts it to shorter wavelengths (blue-shift). This behavior
aligns with the FEL resonance condition. The broader bandwidth shows that HGHG is quite sensitive to
distortions in the beam’s phase space caused by chirp.

In contrast, EEHG shows a great deal of robustness against energy chirp. The center wavelength
of the beam stays within = 1-2 nm for the same energy chirp values, and there is little increase in
bandwidth, due largely to the two-step modulation and dispersion arrangement of EEHG, which
removes linear correlations between energy and time in the phase space of the beam.
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Figure 7. Sensitivity of Central Wavelength and Bandwidth to Energy Chirp

4. Discussion

The inclusion of EEHG drastically lowers its dependence on the energy chirp, unlike the direct height
gain. In addition, it includes a much more significant central wavelength stabilization mechanism with
respect to increasing imperfections in the machine. Stability in this case becomes vital because of such
experiments as high-precision spectroscopy or seeded pump-probe studies that need high temporal
coherence and very stringent control of the output wavelength *© 1924,
The EEHG system exhibits nearly double the bandwidth improvement of the HGHG system, as
theoretically predicted, due to EEHG's suPerior monochromaticity and temporal coherence of its
free-electron laser pulse outputs > #* “®. This bandwidth can be beneficial in applications
requiring, among other things, the highest spectral resolution, such as resonant inelastic X-ray
scattering (RIXS) and coherent diffraction (CDI) * 1" %,
The improved performance of the Electronic Harmonic Generator (EEHG) is due to its two-stage
modulation and dispersion design, which precisely reshapes the beam's phase space. This design
allows for smaller power adjustments, making it effective in producing stronger collection at
higher harmonics; thus, the single-stage operation proves highly efficient in producing direct-
acting extreme ultraviolet (EUV) and soft, coherent X-rays *¢%'.
Overall results imply that EEHG not only matches or slightly goes beyond HGHG in the pulse
energy, but it also has far more provisions for gain stability and imperfections in the machine.
This renders EEHG exceptionally attractive for applications requiring stable pulse energy and
consistent spectral quality & % %.
All these imply that one of the strong advantages of EEHG, with the facility for keeping the FEL
output stable and narrow even with popular machine troubles such as energy chirp, makes EEHG
quite a good bet for all those experiments that require surety on spectral quality and stability,
say, seeded pump-probe studies or high-resolution spectroscopy *°24%.

5. Conclusion

The study here presents a detailed numerical and theoretical study to compare High-Gain
Harmonic Generation (HGHG) and Echo-Enabled Harmonic Generation (EEHG), both
considered ways of generating fully coherent short-wavelength light in free-electron lasers
(FELs). The bulk of our simulations was performed using our in-house code FELSAP 2025, a
MATLAB-based software that integrates beam dynamics modeling, bunching factor calculation,
harmonic radiation simulation, and sensitivity analysis.
Tests have been repeated with two standard programs, GENESIS 1.3 and ELEGANT, in order to
confirm the correctness and validity of our results. The most interesting conclusions made in this
work are.
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Spectral Purity and Bandwidth. Compared to approximately 10 nm for HGHG, EEHG generated
much narrower bandwidths of approximately 5 nm. As a result, its spectral coherence is higher
than that of HGHG.

« Stability to Energy Chirp: For a typical energy chirp of £5 m-1, EEHG did not change at all,
and the central wavelength and bandwidth were kept constant, while HGHG showed
considerable shifts and broadening.

» Harmonic Content and Scalability: An EEHG kept bunching factors above 0.1 for higher
harmonic orders (n > 10), thus substantiating its potential towards the extreme-ultraviolet
(EUV) and soft X-ray domain.

» Pulse Energy and Stability: Pulse energies of ~1 mJ were achieved with both methods in a
similar range, but EEHG's gain curve was much smoother and more physically reasonable in
saturation and beam imperfections.

But overall, those results show that EEHG might be a very eco-friendly way of generating pure,
low-bandwidth FEL radiation that will be of special importance for experiments requiring a
stable output in the spectral domain and high temporal coherence.
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