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Abstract

This research paper addresses several aspects of the structure of quasi-
2-normed spaces, which dates back to C. Park, as a broader class of quasi-
modular spaces. It begins by reviewing the definition along with several
diverse examples. Also, the derivation of a normed space, a quasi-normed
space, and a quasi-2-metric space is presented from the current space and
vice versa. The description of the ball in this space was presented as a
non-convex, symmetric, balanced, and absorbing set, and this was proven.
Topologically, it has been proven that the quasi-2-normed spaces are
Hausdorff topological vector spaces upon the usual topology (a topology
generated by a family of balls). Another topology by a separating family
of a-quasi-norms has been defined, and its coincidence with the usual
topological structure has been demonstrated. Throughout this study, the
sufficient and necessary assumption for the normality of quasi-2-normed
spaces, and the sufficient assumption for the metrizability property, have
been proven.
Keywords: 2-normed space, Topological vector space, Separating, Semi-
norms.

1. Introduction

Normed spaces are considered the core of the analysis, and their origins can be traced back to
the 19™ century in the fundamental work of pioneering researchers in this field '. Always,
normed spaces are metrizable; their metric topology generated by the norm is Hausdorft and
more locally convex. These magnificent properties demonstrate the principal role of normed and
Banach spaces in general analysis and applied mathematics >. Some generalizations of normed
spaces appeared, among which the 2-normed space takes an important place, 12 1n 1960, a 2-
norm function was introduced on ordered pairs of vectors, yielding a non-negative real number,
replacing the concept of length with area'>'*. Generally, the 2-normed space is not metrizable,
but it induces a family of semi-norms and hence a locally convex topology. Research continues
to investigate convergence and fixed-point theory in this framework and its extensions, setting-
n —normed '>'®. The weakness of the classical standard triangle inequality leads to the
emergence of a quasi-standard space through many developments by mathematicians. Although
every quasi-norm induces a topology, this topology is not locally convex in general '"'°. Hamel's
basis *° provides a natural algebraic framework for describing the linear structure of such spaces.
Therefore, some basic facts may be incorrect. This led to differences between normed and quasi-
normed spaces 213 This difference parallels the distinction between metric spaces and
generalized distance structures, including 2-metric** and b2-metric spaces®. Studies have also
emerged relating to 2-inner product spaces (2-pre-Hilbert spaces), and have dealt in particular
with orthogonal sets and standard orthogonal sets in these spaces 2. In this paper, a diverse
study of several aspects of quasi-2 —normed spaces will be presented
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2. Preliminaries

Recall the following definition
2.1 Definition: Let Q be a real vector space with dim Q > 2. The function g5: Q X Q — [0, o)
such that the following hold:
e q.(s,d)=0foralls,d € Qand q,(s,d) = 0 if and only if the set {s, d} is linearly

dependent,

e q,(s,d) =q.(d,s), forall s,d € 0,
e q,(s,xd)=|x|q(s,d)forall s,d € Q,xeR,
o qs(s,d+2) <k((qs(s,d)+qs(d,2)) forall s,d € Q and constant k > 1.
Then 1tsle ordered pair (Q, q,) is named a quasi-2-normed space and is denoted by g2-normed
space™'.
2.2. Proposition: Every 2-normed space is a g2-normed space when the constant k = 1%,
The converse is not true. The next examples illustrate this fact.
2.3. Example: Let Q=R3and s =s;i+s,j +5s3k, d=dqi+d,j+dsk €R3 Define
qs(s,d) = hlsiodios1 — Sio+1diol + XisiolSidisr — Si41ds] Where  [siodigs1 — Sio+1diol = min
{|sid;js1 — Siz1d;l: 1 <i <3} such that s, =s;, d, =d; and h> 1 then (R3,q,) is a g2-
normed space, but is not 2- normed space for all h>1'%,
2.4. Example: Let P,[0,1] be the set of real polynomials of degree 2. By regarding usual addition
and scalar multiplication, P,[0,1] is a linear vector space. Let sy, s,, s; and s, be distinct fixed
points in [0,1]. Define the g2- norm on P,[0,1] as

as(f,9) = kIf (510)9'(5i0) = f'(510)9(Si0)| + Xisiolf (59" (1) — £ (s) g (s,

where |f (s:0) g’ (si0)—f"(s10)9(s:0)| = min {|f (s)g"(s1) — f (sl)g(sl)l 1<i<4} andk>
1. Then (P,, q,) is a g2-normed space and not a 2-normed space®
Another new example is:

2.5. Example: Consider Q = R?,s = (s1,5,),w = (wy,w,) and det(s,w) =det (W1 fvz)

s;w, — s,wy, define gq(s,w) = |det(s,w)| + /|det(s,w)| for all s, w € Q is not g2-normed
space.
Proof: Apply the conditions of Definition (2.1)

e Clearly g;(s,w) = 0 if and only if s, w linearly dependent.

o q,(s,w) = |det(s,w)| + +/|det(s,w)| = |det(w, s)| + +/|det(w, s)| = qs(w,s)
o qs(s,ccw) = |det(s, x w)| ++/|det(s, x w)| = | o« ||det(s,w) [+/|  |{/|det(s,w)]), but

|<|gs(s,w) = | o ||det(s,w)| + | < |{/|det(s,w)]|. Thisis not equal \/| < | # | « |
(9, g5) isnot g2-normed.
There are some inducing g2-normed spaces from 2-normed spaces or normed spaces from 2-
normed spaces, etc., as follows

2.6. Proposition: If (&, 1I.,. 1) is a 2-normed space then (£, q,) is a g2-normed space when
qs;(s,d)=21s,d |l , forall s,d € ol
2.7. Proposition: If (&, 1I.,. 1) is a 2-normed space and ,w > % , then (Q, g,) is a g2-normed space

if g;(s,d)=zlls,dl+wlsdll, foralls,deQ®.

It is appropriate to give cases for a 2-norm (or a g2-norm) derived from a norm that is induced by
an inner product.

2.8. Proposition: If (2,]].])) is a normed space with dim Q > 2 and ||. |linduced by an inner
product, then (Q, q,) is a 2-normed space (and then a g2-normed space),

where qs(s,d) = |Is|ll[d]l sin 85,4, and O 4y :== Angle of vectors s and d.

Proof: for any s,d,z in Q, x€ R

eclearly q;(s,d) = 0 if and only if s, d are linearly dependent,

°qs(s,d) =l sl d |l sinBqy =Idlllsllsinbyqs = qs(d,s),
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e qs(s,xd) =l s llll< d |l sin s «q)
=|ox|IIsllldllsinbgg =|x| qs(s, d),
® qs(s,d+2z)=lsllld+zllsinb;agiz

SlsllldllsinBg +lsllllzIl sinby

< qs(s,d) + qs(s, 2).
The author in *” defined a (2, p)-norm (and (2, p)-normed space) from a g2-normed (q2-normed
space).
2.9. Proposition: If (Q,qs) is a g2-normed space, then there exists 0 < p < 1 and an equivalent
g2-normed (denoted g3) on Q such that [gs(s + d,w)]? < [qs(s,w)]P + [qs(d,w)]P for all
s,d,w € o
Also in *" the researcher defined a quasi-norm from a g2-normed space.
2.10. Proposition: If (£, qs) is a g2-normed space, p = 1 and {z*,w*} is a linearly independent
subset of Q). Then

1
I d ll,=[(qs(d, )P + [(gs(d, w")PI?,d € Qand Il d ll;= max { q5(d, z"), qs(d, w")},d € Q
are two quasi-norms on Q*'.
Recalling some needed definitions and facts for this work.
2.11. Lemma: Let Q be a vector space with dim > 2. Then for any nonzero s € ,3d € Q such
that {s, d} is a linearly independent set %.
2.12. Lemma: Any vector space has a basis (specifically, a Hamel basis
2.13. Definition: Let Q be a vector space over the field F and T be a topology on Q. The pair
((21, T) is called a topological vector space (TVS) if the operations +,- on  are continuous up on
T
2.14. Definition: Let (,q;) be a TVS is called locally convex if there is a basis of
neighborhoods of the origin in Q composed of convex sets .
2.15. Proposition: For any TVS Q, the following are equivalent
1) Q is Hausdorff ( T3).
ii) The intersection of all neighborhoods of the origin O is just {0}.
iii) QL is T,
2.16. Definition: A TVS (Q,T) is called metrizable if its topology T induced by a metric (that is,
compatible with the vector space Q) *.
2.17. Theorem: A TVS has a countable local base if and only if it is metrizable®.
2.18. Definition: A TVS (Q, T) is called normable if its topology T induced by norm || .| *.
2.19. 'gheorem: A TVS Q is normable if there is a convex, bounded open set containing the
origin .
Here, we will present a generalization of 2-metric space®, that is named g2-metric space
(quasi-2-metric)
2.20. Definition: Let Q be a non-empty set and A: Q3 - R*be a map satisfying the following
properties:
e For any two elements s, d in Q, there exists z € Q such that A(s, d, z) #0,
e A(s,d, z) =0 if at least two of the three points are the same,
eA(s,d,z) = A(s,z,d) = A(d,s,z) = A(d, z,s) = A(z,s,d) = A(z,d,s) forall s,d, z € Q,
eA(s,d,z) < k(A(s, d,w) + A(d, z,w) + A(z, s, W)) foralls,d,z,w € Qand k > 1.
Then A is called the g2-metric on Q and (£, A) is called a g2-metric space.
2.21. Example: Let (£, g5) be a g2-normed space with dim > 2,q,(s,d) =2 |l s,d Il, forall
s,d € Q. Define function A: Q x Q x Q - RTby
A(s,d,z) =21ls—zd—z| foralls,d,z€Q
o ClearlyA(s,d,z) =2ls—zd—zI#0
e A(s,d,z)=0=2|ls—zd—zI=0 if and only if (s —z)and (d — z) are linearly
dependent, thens —z =« (d — z),x € R

20).
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=2ll«(d—2z),d—2z)ll =2| x| ld—2zd—-2zIl= A(d,d,z), these are the two
elements that are the same.
e A(s,d,z2)=2Is—zd—-z|=2Ild—2zs—zI|=A,s,2)
In the same way, one can prove it.

o A(s,d,z)=2ls—zd—-zI=21(G-t)+({t—2),d-t)+(@t—2)I
<bQCIG-)+(t—2,d-I+2I(-)+(t—2),(t—-2)1)
<bb2lId-ts—tll+2Nd-t,t—zI+2It—2z,s—tll+2lt—2zt—2zI))
<bh’Q2lIs—-td—tl+2ld—t,z—tlI+2lls—tz—tll

Put k = b?

< k(A(s,d, t)+ A(d, z, t) + A(s, z, t))

Then (Q, q,) is a g2-metric space.

2.22. Definition: Let (Q,qs) be a g2-normed space and {s,,} is a sequence in Q is called a
convergent sequence if there is an s € Q such that lim,_,,qs( S, — 5,2) = 0 for every z in Q.
2.23. Definition: Let (£, g5) be a g2-normed space and {s, } is a sequence in Q is called a Cauchy
sequence if and only if limy, ;e q5(Sy — S, 2) = 0, for every z in Q°,

2.24. Definition: A g2-normed space ( is called complete if every Cauchy sequence in Q is
convergent to s in Q*°.

3. Main Results

Let Qbea g2-normed space. The ball in (Q,q,) defined as, B (s,r) ={d € Q;q,(d —
s,w) < r}, for w € Q. The following Theorem gives some geometric properties of B (s, r).
3.1. Theorem: Any ball B (s,r) in a g2-normed space is not a convex set, but it is symmetric,
balanced, and absorbing.
Proof: Convexity: For any b,d € B(s,r) and t € [0,1]
qs(th + (1 — t)d, W)< k(qs(tb,w) + qs((1 — t)d, w))

< k|tlqgs(b,w) + k|1 — t|q,(d,w) < kr

But, kr may be greater than r, so tb + (1 — t)d may not be in B (s, 7). Hence, it is not convex.
Symmetry: It is satisfied, since for any s € Q, g;(—s,w) = | — 1]|gs(s, w)
implies that B(s,r) = —B(s, 1)
This shows that B(s, r) is symmetric.
Balance: For all cc with | o< | < 1 and d € B(s,7),qs(ecd,w) = | « |gs(d, w) < q,(d,w) <71
Thatis, x d € B(s,r) forall d € B(s,r). Hence B(s,r) is balanced.
Absorbing: Let d € Q. If {d,w} is linearly dependent thengs(d,w) =0<1and so, d €
B (s,r) =t B(s,r) wheret=1.

On the other hand, if we take ¢ = > 0, then g (% d, w) = %qs(d, w)=><r.

This shows that d € tB(s,r) for some t > 0 hence B(s, r) is absorbing.

Note that the following

3.2. Theorem: A g2-normed space is a q2-metric space.

Proof: Define the following function A: Q x Q X Q - R*hy

A(s,d,z) = q4(s — z,d — z) forall s,d,z € Q

eClearly A(s,d,z) = q(s —z,d—2) #0

eA(s,d,z) =0=q(s—2z,d—2z)=0 if and only if (s—z)and (d—z)are linearly
dependent, thens —z =« (d — z), X € R

qs(s —z,d —z) = qs(x (d —2),d —z))=| x| qs(d —z,d — z) = A(d, d, 2),

These are the two elements that are the same.

oA(s,d,z) =qs(s—2z,d—2z)=qs(d —z,s —z) = A(d, s, 2)

In the same way, one can prove it.

eA(s,d,z) =q(s —z,d —2z) = qs((s -+ ({t—2),d—-t)+ (t— z))

<b(gs(s—O+(@t—2),d—-t)+qs(s— )+ (t—2),(t — 2))

2 q5(d,w)
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<b(bqd-t,s—t)+q(d—t,t—2z)+b(q;(t —z,s—t)+(t—2zt—2))
<b*(qs(s—t,d—t)+q(d—t,z—t)+qs(s—t,z—1t)
Put k = b?
< k (A(s,d, t)*+ A(d, z,t) + A(s, z, t)).
In what follows, some topological aspects of q2-normed spaces are discussed.
The collection B = {B(s,r):s € Q,r > 0} generates a topology on , say, t. For the needed
basic topological preliminaries, see %.
3.3. Theorem: The topological space (Q, Tg) is T.
Proof: Letd,s € Qand d # s,d — s iS a non-zero vector.
Since dim Q > 2,w € Q such that d — s and w are linearly independent by Lemma (2.11).
Puté = %qs(d —s5,w)>0
Then, itis clear that s € B(s,6) butd & B(s,5).
This from q,(d — s,w) = 2§ > §. Therefore, 7y is T,-topological space.
3.4. Theorem: Every g2-normed space is a topological vector space (TVS).
Proof: It is required to prove that the addition and multiplication operations are continuous with
respect to Tg see’. Letw € Q,e >0 § > 0 such that§ = i
If (s — so,w) < dand g;(d — do,w) < 6
qs(s +d — (s + do),w) = qs((s = 5p) + (d — do), w)
< kqs((s — 50, W) + q5(d — do, w))
& &
<k (ﬁ + ;) < ¢
Also, gg(xs =Xy o, W) = qs(X (s — Sg) + (X —X()So, W)
< k(| < |q5((s = s, W) + | & = | g5 (S0, W)
< k(| o |8 + | o< —o¢q |gs(so, W)

Let § = = | &< =% |q5(s0, W)

qs(cc s =g so,w) < €
Then a q2- normed space Q is TVS.
From the above, a g2-normed space satisfies the following important fact:
3.5. Remark:
= By Theorems (3.3 and 3.4) and Proposition (2.15), the q2-normed space is T.
= A g2-normed space is not a locally convex TVS, because the ball is not convex.
The purpose of the next step is to define a topology by a separating family of g-seminorms on Q
starting with the following:
3.6. Definition: Let p be a function defined on a real vector space Q, if p satisfies the following:
ep(s+d) <k(p(s)+ p(d)),foranys,deQ ,k>1
e p(xs)=| «|p(s),foranys e Q and x € R
Then p is named a g-seminorm.
3.7. Definition: A family of g-semi-norms g = {p;:i € I} is named a separating family if
Vs € Q,3p; € g such that p;(s) # O
3.8. Definition: Let Q be a vector space and g = {p;:i € I} be a family of g-seminorms on
Q.Then B! (s) ={d € Q: p;(s — d) < r}isthe ith ball of radius r > 0 and centered at s € Q).
3.9. Definition: Let Q be a vector space and g = {p;:i € I} be a family of g-seminorms then
T = {Bri (s):seQ,r>0,i€ I} is the collection of all balls in Q. The topology 7 & generated by
& is named the topology induced by the family of g-seminorms g and denoted by 7.
3.10. Remark: Let B be the collection of all finite intersections of the elements of & forms a base
for the topology ;.
3.11. Proposition: In a q2-normed space, vector addition and scalar multiplication are continuous
for the topology ;.
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Proof: Forany s,d € Q,& > 0 and p; € g such that p;(s — s,) < and p;(d —dy) < then
pi(s +d — (s +do)) < k(pi(s —s0) + pi(d — dp)) < k(ﬁ"’ﬁ) =
Also, for any/'l M e R36;,6, >0suchthat M — A < 61, pi(s —d) < 62
£ 1
Oy < 2kp (d) (MI +2kp (d))
p;(Ms — Ad) = pi((M Ds+As —d))
< k(1M = Alpi(s) + |Alpi(s — d)
< k(81p:i(d) + pi(s — d) + |4]67)
< k(8,1p:(d) + 8,(61 + |1])
& & &
= k(2kpi(d) "Di(d) T Z(Ml T 2kpi(d)) (ka i(d) | D -

3.12. Proposition: g is a separating family of g-seminorms if and onIy if 7, is Hausdorff (T3).
pl(s

Proof: Forany s,d € Q,s # d implies thats — d # 0, take ¢ = ) > 0 for any p; € § .

The neighborhoods s and d, respectively are U; = s + U(p;, €), Ud =d+ U(p;,¢€)
To prove that U; N U; = @. Assume the contrary a € U; N U, and
pila—s) <eg pla—d)<e
pis—d) =pi(s—a+a—-d) <k(p(s—a)+p(a—d))
( —d)  pi(s—d)
pi(s — d)<k( R ) < pi(s —d)
Thisisa contradlctlon then 7, is Hausdorff.

Conversely, let (£, g5) be a Hausdorff space suppose that 0 # s € , p;(s) =0
foranys,d €Q, s#d
There exists a neighborhood of s is Us={z € Q, p;(z—s) < e}and a neighborhood of
disU; ={z€Q,pi(z—d) <&}
pi(z=s)=pi(z-d)=0<c¢
Hence, z € U, N Uy; = Ug N Uy # @. That leads to a contradiction. Then p;(s) # 0.
3.13. Remark: 7, is a topological vector space if and only if g is a separating family of g-semi-
norms by Propositions (3.11 and 3.12).
3.14. Theorem: A g2-normed space (€, q;) and B be a Hamel basis of Q Then the family g

= {pi: iel } constructs a separating family of g- seminorms on Q.
Proof: For any € B, show the following
e Foranys,deQ k=>1
pa(s +d) = qs(s +d,a)
< k(qs(s,a) + q5(d, a))
< k(pa(s) + pa(d))
e Foranyse Q) and xeR
Pa(cx s) = qs(x s,a) =|x|gs(s,a) =] x |pa(s)
So, p, is ag-seminorm for any a € B and g = {p,: a € B } constructs a family of g-semi-norms
on Q. Finally, fors € Q,3d € Bsuch that{s,d}is linearly independent. Then, q(s,d) #
0 hence p4(s) # 0. Therefore, g constructs a separating family of g-semi-norms.
The next theorem leads to the conclusion that a g2-normed space is a TVS by 7., (where 7, is a
topology by separating family of g-seminorms.
3.15. Theorem: Let (£, g5) be a g2-normed space, then the topology of (£, t) coincides with the
topological vector space (€, 7).
Proof: Suppose that A is g2-metric induced by g2-norm. For any a,b € Q and € > 0. Then the
neighborhood of a and b is
Us(a,b) ={s € Q:A(a,b,s) <e}={s€ Q:A(b,s,a) < &}
={s€e Q:qs(b—a,s—a)<c¢e}
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={s€e Q:q;(a—s,b—a) <¢&}
¢ = {p;:i € I} is the separating family of g-semi norms where H is a Hamel basis of Q. In the
first step, it must prove that g={B*(s):s€ Q,r>0,a€ H]is a subset of
U = {Us(a,b):a,b € Q,& > 0} consider any element B? (s) from g.
B (s) ={d € Q:p,(s—d) <r}
={deQ:qs(s—d,a) <r}
={deNq(s—d,a+s—s)<r}
=U.(s,a+s)
Then Bf (s) € U.So, g € U. And T, is a subset of the natural topology 7 of the g2-normed
space (.
Conversely, suppose that U.(a,b) € U and z € U.(a, b) then obtaining g;(a —s,b — a) < &,
putgs(a—s,b—a)=¢,s0e—¢&>0.
Now, there exists zj,z,,....,2z, € B and cq,¢y,....,c, ER such thatb —a = c¢; z; + ¢z, +

——&

oo+ CpZy, pUt § = —E——

| C1j4n--lCnl
Then, forany d eni:; B§ (s), we obtain p,;(s —d,ai) < § foralli=12,...,n
qs(s — d, ai) <5 foralli =1,2,...,n

n n
qs(s —d,b—a) < zlcil. qs(s —d,ai) < 6.2|ci|.
i=1 i=1

£
qs(s—d,b—a)<z—e‘

This implies that gs(a —d, b —a) < k(qs(a —s,b —a) + qs(s —d, b —a)) < k(¢ + % -8 <
&
Then,d € U.(a,b) andso s en’; By (s) € U.(a, b)
Therefore, U.(a, b) is an open set in (Q,7,). It means that U € 7,,. Thus, 7, coincides with 7y
on Q.
3.16. Remark: Note that the set of all possible finite intersections of the elements
B={Ni%, Bfi"(si): s; €Q,a; € B,r; > 0,m € N} is a base for the natural topology of (€, 7).
3.17. Proposition:
Fora € Band n € N defines w(a,n) = B (0) then B, = {N2, w(a;,n;);a; € B,n; € N,m €
N} isalocal base at 0.
Proof: Let £be an open set containing 0. Then, there exists ﬂ?;lBr"i"(si) € Bsuch that 0 €

i=1 Brnii(si) c £
Now for i =1, 2..., m, it follows that 0 € B;"(s;) and s0 7, = qs(s;, a;) < %
Choose n; € N such that% <Z-7
Then, d € V(a;n,) = d € BY(0) = q,(d, a) < ni

! 1 N i

qs(d — s, a) < k(qs(d, a;) + qs(si, @) < k-( el 7‘1) <k % < n
Hence, 0 € N2, V(a;,ny) € N2y BYi(sy) € £. Then B is a local base at 0.
3.18. Theorem: Let (£,qs) be a g2-normed space with a countable Hamel basis, then the
topology induced by the g2-normed space is metrizable.
Proof: Let (Q,q5)be a @2-normed space with a countable Hamel basis, then
By = {NZ,w(a;n;);a; € B,n; € N,m € N} is countable.
Therefore, the topology induced by the g2-normed space on () has a countable local base. So, is
metrizable by Theorem (2.17).
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3.19. Definition: A g2-normed space (, qs) is satisfy property P; for some j € N if linearly
independent elements a4, a;, ... ... ,a; in Q exists for every sequence of elements s, s, s, .....0f Q,
lim,, o qs(s — s, ;) = 0foralli = 1,2, ..., implies lim,,_, ., gs(s — s,,a) = 0 foreacha € Q. ,
i.e.s, »sinQ

3.20. Remark: Let (Q,qs) be a finite-dimensional g2-normed space with dim j > 2 then Q
satisfies the property P; .

Proof: Clearly.

3.21. Theorem: Let (€, q,) be a g2-normed space and satisfy the property P; for some j € N, then
it is normable.

Proof: By hypothesis, there exist linearly independent elements a,, ay, ..., a; € Q, such that for
every sequence s, sy, Sy, Sz, ... IN Q,

lim, . qs(s —sp,a;) =0for alli=1,2,..,j, implies that lim,_. qgs(s —s, a) =0 for
alla e Q.

Also, a Hamel basis B of Q exists such that {a;, a,, ..., a;} € B

From Theorems (3.14) and (3.15), we get that the topology of (Q, q5) coincides with TVS.

Assume that, va € Band ¢ > 0,3 6 > 0 such that N/_, B;*(0) S B£(0)
If not, then 3 a, € B and g, > 0 for which no such § exists. Thus,v§ = %where k € N, there

exists s, € NJ_, By'(0)\B£°(0).50,¥n € N, g5(p, ) = &.

On the other side,

lim, e gs(sp,a;) = 0foralli = 1,2, ...,j. This is a contradiction to the supposition.
Now, B5(0) = 6B,"(0) = §(NJ_, B;*(0) € B&(0)) and N]_, B;"(0) € %BS(O).
Put c= %.Then, for each t > c, obtaining n{lefi(O) c tB&(0)

Now, it is proven that B = N/_, B{(0) is bounded.
Consider any open set G containing 0. N, V(b;,n;) € G for some b; € B,n;, k € N, there
exists € > 0 such that ¢ < ni foreach i = 1,2, ...,k.So n{-‘lef"(O) c Nk, V(b;,n;) € G.There

exists s; > 0 such that N/_, B;*(0) < thi(O),v t = ¢;. Take ¢ = sup{cy,cy, ..., ¢ }. Then, for
all t > c we have B = NJ_, B{(0) € t(Nk_, BYi(0)) € tG, forall t > c.

Hence B is a bounded open set containing 0. On the other side, B is the intersection of some
balls, the topology of (£, g,) is normable.

The converse of this theorem is also true.

3.22. Theorem: If (Q, q,) is a g2-normed space and normable then it satisfies the property (P;)
for some j € N.

Proof: Let G be a bounded open set containing O such that ﬂ{=1V(ai,ni) C G, for some
a; € B,Tli,j EN.

The set B2(0) is an open set containing 0, for any a in a Hamel basis B of Q and & > 0.
Therefore 3 ¢ > 0 such that € tBZ(0) , Vt > c. So,

ﬂ{zl V(al- ,Tll') c th(O),Vt = C.

Therefore, forall > ¢, ﬂ{le(ai,ni) C tB2(0),

i.e. ﬂ{;l%V(al-,nl-) c BZ(0). Specifically, for t=c, thus
=V(a,ny) = BY (0) and NI, BY (0) € BE(0)

If s € Qand {s,}is asequence in Q such that lim,_ . | s —s,,a; I=0,Vi=1,2,..,j. Then
there exists k; € N such that g;(s — s, a;) < % n = k;, wherei =1,2,...,j
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Take k = sup{ky, k,, ..., k;}, Then, forall n > k, hence s —s, € n{lei(O) C B2 (0).
Therefore, q;(s — sy, a) < € for all n > k and lim,_,, qs(s — s, a;) = 0. Since a € B. This
holds for all a € Q. Thus, Q satisfies property P;.

From Theorems 3.21 and 3.22, a necessary and sufficient condition for normability is given
below.

3.23. Theorem: A g2-normed space satisfies the property (P;) for some j € N if and only if it is
normable.

Hence, from Remark 3.20 and Theorem 3.23, we have the following:

3.24. Corollary: Every finite-dimensional g2-normed space is normable.

4.Norms by g2-norm
It can derive a norm from a normable g2-norm such that both have the same topology. Start
with the following result:
4.1. Proposition: Let (£, q5) be a g2-normed space and a linearly independent set {a,,a,, ..., @}
1

C Q.Let I.l,:Q = R, by Il s ll,=k(E2,[g5(s,a)]P)P,V s € Qwhere 1 < p < oo, and

I s lo=sup{qs(s,a;),vs€Q ,i=12,..,m}, where p=oco. Then all these norms are
equivalent.

Proof: The outlines and some details of proof are similar to those mentioned in > ?’. So the
details are deleted.

Another interesting result is

4.2. Theorem: Let (Q, q5) be a g2-normed space. The following are equivalent:

» () satisfies property (P;).

e The topology of (€, g5) coincides with the topology of the norm defined by,

Il s llo= sup{qs(s,ai), qs(s, az), ..., qs(s, a;)} for all s € Q and a linearly independent set
{a1,a;, ..., a5} .

Proof: By assumption, there exist linearly independent elements a4, a, ..., a; of Q such that g, (s-
spma;) = 0foralli=1,2,..,j

Implies s,, — s with respect to the g2-normed on Q.Then

I's lleo= sup {qs(s, a1),4s5(s, az), ..., 45(s,a,)} ¥V s € Q

The sequence {s,} in Q such that g,(s-s,,a) > 0,Va € Q

Iff that g(s — s, a;) 2 0,Vi=12,....j. Ifls— s, lo— 0

Therefore, a sequence {s, } converges in (Q, Il. ll,) if and only if it converges in (Q, qs) .

On the other side, (€, q;) satisfies the property (P;) for some j € N.So (£, q,) is normable.
Therefore, both (£, g5) and (&, II. ll) give the same topology.

Conversely, both (Q, g5) and (Q, II. ll) give the same topology where,

I's o= sup {qs(s, a1),qs(s,az), ..., qs(s,a;)} for all s € Q and some linearly independent
elements ay,a,,...,a;. The sequence {s,} from Qsuch thatgs(s—s,,a;) > Oforalli=
1,2,...,j

Then it follows that || s — s, lo,— 0 and g4(s — s, a) = O forall a € Q.

Hence (Q, g;) satisfies the property (P;).

4.3. Remark: The usefulness of Theorem 3.23 to construct a norm for a normable g2-normed
space, and Theorem 4.2, is useful to ensure the normability of a g2-normed space. Therefore, two
Theorems may be complements of each other.

4.4. Proposition: Let (Q, q;) be a finite-dimensional g2-normed space and a linearly independent
vectors by, b, from Q. Then, the topology of the norm || ll, on Q defined by

I s llo=sup {qs(s,by),qs(s, bz)},V s € Qis the same as the topology of (, gs).

269



IHIPAS. 2026; 39(4): 261-272

Proof: Q is finite-dimensional. So, (Q, q;) is normable. Now both |I.|| and |I. I, are a norm on
Q. But all norms over a finite-dimensional vector space are equivalent. Therefore, |I. [l and |I. Il
are equivalent. Hence, the topology of |l. Il is the same as the topology of the (Q, q,).

4.5. Corollary: Every g2-norm over a finite-dimensional vector space gives the same topology.

4.6. Corollary: A finite-dimensional g2-normed space satisfies the property (P,).

4.7. Theorem: Let (£,qs) be a g2-normed space and |l.ll, be the derived norm. Then the
convergence of sequences in (£,qs) and (&, Il. ll»)is equivalent if and only if both the spaces
have the same topology.

Proof: If (Q,q,) and (Q,II.ll,) have the same topology, then the convergence of sequences is

equivalent.

Conversely, the convergence of sequences for (£, qs) and (£, II. ll,,) are equivalent. A sequence

{sp,}inQands € Q.Then, s, »sin(Q,q;) s, = sin (1.1

Lelim, o, qs(s —sp,a) =0,Va€eQ < lim, o | S —5, lo=0.

However, the definition of |I.ll, concludes the existence of linearly independent elements

ai, ay, ..., a; such that for any sequence {s,} in Q and s € Q. The following holds, lim,_,., Il s —

Sp lo=0 & lim, e q5(s — sp,a;) =0 foralli = 1,2, ...,j.

Also, lim,_,, qs(s —sp,a) =0 for all a € Q if and only if lim,_s qs(s — sy, a;) = 0 for

alli =1,2,...,j

So, (Q,q;) satisfies property (P;).Thus, by Theorem (4.2), the (Q,q5) and (Q, Il llw) have the

same topology.

Finally, Theorems (3.23-4.2-4.7) can be summarized in the following:

4.8. Theorem: Let (Q,qs) be a g2-normed space and |I.ll,, be the derived norm, then the
following are equivalent,

e The convergence of sequences in (Q, g;) and (Q, Il Il ) are equivalent,

¢ (Q,q,) and (Q, II. Il,) have the same topology,

¢ (0, q,) satisfies property (P]) for some j € N,

e (Q,q,) is normable.

Clearly indicates that convergence of sequences with respect to the g2-normed and its derived
norm are not equivalent if the g2-normed space is non-normable.

5. Conclusion

This paper recalled the concept of g2-normed spaces, which is a generalization of 2-normed
spaces, and investigated some of their fundamental properties. It was shown that the topology
induced by a g2-normed form of a (TVS) generated by a separating family of g-seminorms and
sufficient conditions for metrizability were derived. Moreover, necessary and sufficient
conditions for the normability of g2-normed spaces were obtained. In addition to current results,
there will be a useful framework for future studies in operator theory, fixed point theory, and best
proximity point results in g2-normed spaces. Since the balls in this space are not necessarily
convex, the paper opens the door to an important question: How will the many facts that depend
on convexity be handled?
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